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ABSTRACT

This report covers work done under NASA Grant NGR 09-0 15-002. The transfer
function of the retroreflector array carried by the LAGEOS satellite (1976 394)
has been computed at three wavelengths: 5230, 6943, and 106000 A. The range
correction is given for extrapolating laser range measurements to the center of
gravity of the satellite. The reflectivity of the array has been computed for estimating

laser-echo signal strengths.



OPTICAL AND INFRARED TRANSFER FUNCTION
OF THE LAGEOS RETROREFLECTOR ARRAY

David A. Arnold

1. INTRODUCTION

This is the fifth in a series of reports giving transfer functions for satellites with
retroreflector arrays (Arnold, 1972, 1974, 1975a,b). A special analysis has been
done for the infrared cube corners designed for use with lasers operating at A = 106000 A.
The optical transfer function of the array was measured experimentally at Goddard
Space Flight Center before the satellite was launched (Fitzmaurice, Minott, Abshire,
and Rowe, 1977). Some preliminary transfer function analyses done on an earlier

design of the satellite are given (Weiffenbach, 1973).

Data on the Lageos retroreflector array were obtained from Marshall Space Flight
Center.






2. CUBE-CORNER SPECIFICATIONS

The cube corners on Lageos have a circular entrance face 1V'5 (3.81 cm) in
diameter, which givés an aperture of 11.4009 cmz. The length from vertfax to face
is 1.096 in, (2.78384 cm). The optical cube corners are made of fused silica and
rely on total internal reflection rather than reflective coatings on the back faces.
The dihedral angles between the back faces are 90° + V25 + 05 in order to compen-
sate for velocity aberration. The infrared cube corners are made of single-crystal
germanium and are also uncoated. The dihedral angles between the back faces are
90° + 0V5 with no offset.

The index of refraction of the fused silica is 1,455 at 6943 A and 1.461 at 5320 f\
The refractive index of the germanium cube corners at 106000 A is 4.003. The surface
flatness tolerance is \/10 peak to peak for the optical cubes and \/4 for the infrared

‘cubes, where \ is the helium-neon wavelength used in measuring the flatness.






3. GEOMETRY OF THE ARRAY

The Lageos satellite is a sphere 60 cm in diameter with 426 retroreflectors dis~
tributed over the surface (Figure 1). Four of the cube corners are made of germanium
for infrared wavelengths and the other 422 are made of fused silica for use at visible
wavelengths., The sphere consists of two hemispheres bolted together. The cube
corners are arranged in rings about the pole of each hemisphere. Table 1 lists for
each ring, the number of cubes, the latitude, and the angle between the cubes as meas-

ured from the axis of the hemisphere.

Table 1, Specifications for the rings of cube corners on each hemisphere,

Ring Number Latitude Angle between

mimber of cubes (deg.) cubes (deg.)
1 32 4,865 11.250
2 32 13.252 11,250
3 31 22,982 11,613
4 31 31.231 11.613
5 27 40,961 13.333
6 23 50.691 15. 652
7 18 60,421 20.000
8 12 70,151 . & 30,000

9 6 © 79.881 60,000
10 90.000 360, 000

Adjacent rings having the same number of cubes are meshed in order to get as
many cubes on the sphere as possible., The cubes in ring two are positioned above
the space between the cubes in row one. The cubes in rings three and four are
meshed in a similar manner, |



Figure 1. The Lageos satellite.



The retroreflectors are recessed slightly below the surface of the sphere in
order to prevent them from being damaged during handling. This recession, together
with the fact that the front face of a cube corner is flat, places the center of the front
face closer to the center of the satellite than the surface of the sphere. The cube
“corner is held in place by upper and lower mounting rings, which fit over tabs pro-
-jecting from the cube corner. In order to minimize thermal conductance across the
mounting tabs, there is a slight clearance between the tabs and the rings.' The outer-
most hole into which the cube corner assembly is placed is 2.3813 ecm in radius and

1.0236 cm deep (Figure 2). The bottom of the mounting rings are therefore

J/'30% - 2.3813 - 1.0236 = 25.8818 cm

from the center of the sphere. Adding to this the distance from the bottom of the rings
to the center of the tab (0.5436 cm) and the distance from the center of the tab to the
front face of the cube corner (0,3810 cm) places the front face at 29.807 cm from the

center of the sphere.

P2 38|13 cm ------b}
|

1
|

| L
0.3810 cm "E_ t{

— 1.0236 cm

0.5436 cm £

Figure 2. Cube-corner mount assembly.



Since the cube corners have no reflective coating on the back faces, retroreflection
is by total internal reflection, which occurs only for certain directions of the incident
beam. Any beam making an angle of less than about 17° with the normal to the front
face will undergo total reflection. ’.Beydnd 17°, only certain azimuths give total
reflection. In order to make the transfer function of the sphere more independent of
satellite orientation, the cube corners have been installed so as to give a uniform dis-
tribution of orientations. In this way there is no satellite orientation where all the
cube corners at greater than 17° incidence angle are either all totally reflecting ox

not totally reflecting, which would give an anomalous transfer function.

The coordinate system used to describe the geometry of the array is as follows.
The position and orientation of each cube corner in the array are given by the six
numbers, X, ¥, z, 0, ¢, a. The origin of the x-y-z coordinate system is the center of
the satellite. The angles 0 and ¢ are given in an x’-y’-z’ coordinate, which is parallel
to the x-y-z system (Figure 3a). The angle a is shown in Figure 3b. The p and y axes
point east and north, respectively; in other words, v is in the direction of decreasing

¢, and @ is in the direction of increasing 6.

a) b)

Figure 3. Coordinate system for cube~corner orientation.

Table 2 lists the position and orientation of the cube corners in the array.



Table 2. Cube corner positions (m) and orientations (degrees).

a) Infrared cube corners

HEMISPHFRE RING RETRO

(RS IRV I

1

0
3
3
3

1
1
11
21

X

0.00000

.27300
=al4515
= 14515

Y

0.,00000
«02776
« 22287

~aZ32R7

Z

229807
-411638
-s11638
~s1llh38

THETA

0.000
5.806
121,936
238.065

PHI

0,000
112,982
112,982
112,982

ALPHA

115,000
170,000
150,000
130,000



b) Optical cube corners.
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X

229556
«29556
a28421
e 28421
26192
«256192
«22958
222958
+ 18841
.18841
. 14000
. 14000
08621
0B621
202911
202911
~a.02911
02911
ma 08621
-.08621
—-a 14000
-e 14000
o 18841
~e 18841
~a 22958
-a22958
wa2bln2
-~a26192
~u28421
—-a28421
- 29556
-.29556
—al2@556
=a29556
we2B8421
malB421
26152
walbla2
-e22358
-al22958
walBB841
~al8841
-a 14000
e 14000
-a08621
-.08621
«a2911
~.02911
02911
02911

:02911
«02911
: 08621
«0B6Z21
¢+ 14000
« 14000
18641
18841
« 22958
e 22058
226182
ecblo2
228421
228421
« 29556
229556
«29556
+ 29556
a 28421
o 28421
«261g2
«261092
22958
222958
«18841
21884l
14000
14000
208621
08621
a02911
«02911
wa02911
=-s020911
~-s08621
-.08621
-0 14000
~el4000
~ol8841
~sl8841
-el22958
-a22958
-.26102
ma26192
~alB421
—-a 28421
-a 29556
wa 29556
~s29556
s 29566

10

A

202528
=.02528
« 02528
-a02528
« 02528
=,02528
,02528
02528
,02528
-.02528
02528
-,02528
.02528
wa 02528
,02528
-,02528
.02528
- 02528
.02528
- 02528
02528
-a02528
02528
~e02528
02528
~e 02528
02528
-e02528
02528
02528
. 02528
-,02528
.02528
-a 02528
02528
~e02528
025828
-02528
«02528
- 02528
.02528
~a 02528
.02528
- 02528
02528
~-a 02528
02528
~a02528
.02528
-.02528

THETA

50625
50625
164875
16,875
28,125
28,125
39,375
39,375
504625
50,625
61,875
61l.875
73.125
73.125
B4,375
84,375
95.625
95,625
106,875
106,875
118,125
118,125
129,375
126,375
140,425
140,625
151,875
151.875
163,125
163,125
174,375
174.375
185,625
185,625
196.875
196.875
208,125
20R,125
219,375
215,375
230,625
230,625
241,875
241,815
253,125
253,125
264,375
264,375
275,625
275.625

FHI

Boel3b
94,865
B2.13%
94,865
85,135
94,865
85,135
94,865
85,135
94,865
85,135
94,865
85,135
94,865
85,135
94,865
85,135
94,865
85,135
94,865
85,135
94,865
85,1358
94,865
85,135
94,865
85.135
94,865
85,135
94,865
85,135
94,865
85,135
94,865
85,135
94,865
85,135
94,865
B5,135
94,865
85,135
94,865
85,135
94,865
85.135
94,865
B5.135
94,865
85.135
94,865

- ALPHA

107.000
154,000
Bl.000
128,000
175,000
102,000
149,000
76,000
123,000
170,000
97,000
144,000
71,000
118,000
165,000
92,000
139,000
66,000
113,000
160,000
87.000
134,000
61,000
108,000
155,000
g2,000
129,000
176,000
103,000
150.000
77.000
124,000
171,600
98,000
145,000
12,000
119,000
166,000
93,000
140,000
67,000
114,000
161,000
58,000
135,000
82,000
109,000
156,000
83.000
130,000



HEMISPHERE RING RETRO

B s DD e DN et D) 3t N et P DD e R 2 R e D e N e B e B e N O e B B N e RN RO e D N T RO e T

NMNMNNMRNMNRMNMNMNANNNRODMRMRANNAMNMNRRNEKRRN NN RN NN RMNR DN R e e b b b e =

26
26
27
27
28
28
29
29
30
30
31
31
32
32

1

GOMO NN W NN

X

08621
08621
14000
.14000
J18841
+ 18841
«22958
«22958
.26l62
26192
28421
28421
«29556
«29556
«25013
29013
28456
2 2B456
+ 26804
. 26804
o 24l24
w24l24
«20515
020515
o 16119
«16119
o11103
211103
05660
« 05660
000000
0,00000
“005660
- 08660
-, 11103
~,11103
~a161l19
~al6ll9
=o20516
-.205158
*.24124
-.26804
~a26804
- 28456
-.2B456
~a29013
-a29013
-a284556
wal2B456
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v

ws28421
w8421
-a2bln2
ws 26102
“all358
-a 22958
-a1l8841

-a1BB4L

- 14000
~o 14000
-.08621
-a088621
=202911
was02911
0,00000
0,00000
e 056560
205660
«11103
211103
elbllg
el6119
+2051%
220515
s 24124
o 24124
w2604
s2hBUG
028456
028456
229013
029013
028456
0 eB456
226804
026804
e 24124
024124
«20515
020515
slb6llo
s16119
«11103
«111603
« 05660
« 05660
0.00000
0,00000
-s05660
-a 085660

11

Z

02528
“e02528
+02528
-e02528
02528
~e 02528
02528
~-o 02528
. 02528
-e02528
«02528
-a02528
202528
~o 02528
06833
-~ 06833
06833
«s06833
+ 06833
=-o06833
«06833
-¢06833
«06833
-o 06833
+ 06833
- 06833
006833
=-,06833
« 06833
-406833
+UBHN33
- 06833
+06833
-.06833
06833
o 36833
+ 06833
-o 06833
206833
-«06833
+06833
-, 06833
206833
-a06833
«06833
-a 06833
206833
-, 06833
»06833

THETA

286,875
286,875
298,125
29R.125
309,375
309,375
320,625
320,625
331.875
331.875
343,125
343,125
354,375
354,375

0,000

0,000
11,250
11,250
224,500
22,500
33,750
33,750
45,000
45,000
564250
560250
6174500
67500
T8 75U
78,750
90,000
90,000
101,250
101,250
112,500
112,500
123,750
123,750
135,000
135,000
1464250
146,250
157.500
157,500
168,750
168,750
180,000
180,000
191,250
191,250

PHI

85,135
54,865
85,135
94,865
85,135
94,865
85,135
944865
85,135
94,865
85,135
94,865
85,135
944865
76,748
103,252
Tb 748
103,252
Tb,T48
103,252
76,748
103,252
TheTHE
103,252
Tohe 748
103,252
fbeT4Y
103,254
Tb,T4B
103,252
TheT4l
103,252
T6. 748
103,252
TbaT48
103,252
T6. 748
103,252
Tha ThE
103,252
T6aT48
103,252
Th.748
103,252
T6T748
103,252
T6.T48
103,252
762748
103,252

ALPHA

i77.000
104,000
151,000
78.000
125,000
172,000
99,000
146,000
73.000
120,000
167,000
94,000
141,000
68,000
115,000
162,000
89,000
136,000
63,000
110,000
157,000
84,000
131,000
178.000
105,000
152,000
79,000
126,000
173,000
100,000
147,000
74.000
121.000
168,000
95,000
142,000
69,000
116,000
163,000
90,000
137.000
64,000
111,000
158,000
85,000
132,000
179.000
106,000
153,000
80,000
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X

~a 26804
=a2bB804
24124
me20124
s 20515
me 20515
~alblle
~albllg
~e11103
walllO3
w05660
~a05660
0.00000
0,00000
05660
05660
«11103
211103
a181l9
-16119
.20515
«20515
24124
w20l24
« 26804
« 26804
28456
«28456
-27300
26182
26182
«23992
23992
.20821
.20821
16797
216797
12085
.12085
06878
-06878
.013g0
01390
~e 04155
=~ 04155
-.09530
-~ 09530
wal&51l5
~a18905
wal8905
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Y

=-e11103
~elllO3
~al&llo
~s161l9
~a20515
-e20515
-.24‘-24
—=a24124
-e26804
-026804
- 28456
-2 28456
~s29013
-a29013
nalB456
ne 28456
--26804
me 26804
a4l
welhl2n
-e 20515
~a20515
-uléllg
walbllg
~e11103
nelllD3
«a 05640
~a 05660
202716
.08215
»08215
«13317
213317
. 17874
217874
221699
021699
24636
s 24636
226565
226565
«2T405
« 27405
27124
027124
«25732
s 25732
023287
«19889
+19BRYG

127

206833
- 06833
206833
206833
«06833
- 06833
06833
--06833
.06833
-a 06833
,06833
- 06833
+06833
= 06833
06833
-,06R833
06833
~a 06833
,06833
~a06833
206833
ne 06833
.06833
-o 06833
+06833
we 06833
.06833
~06833
211638
«11638
—-eilb38
+11638
-allb38
«11638
meilb38
.11638
wallé38
- 11638
well63B
+11638
=-e11638
«11638
well638
211638
rell1638
+11638
~e 11638
«11638
.11638
mell638

THETA

202,500
202,500
213,750
213,750
225,000
225,000
236,250
236,250
247,500
247,500
258.750
258,750
270.000
270,000
281,250
281,250
292,500
292,500
303,750
303,750
315,000
315,000
326,250
324,250
337,500
337,500
348,750
348.750
5.806
17,420
17.420
29,032
2G,032
40,645
40,645
52,258
52.258
63,871
63,871
T5.484
T5.484
87.087
87.097
98,710
g8,710
110,322
110,322
121,936
133,548
133,548

PHI

TbaT748
103,252
76,748
103,252
T6.748
103,252
164748
103,252
76,748
103,252
76,748
103,252
T6.748
103,252
Th,T4B
103,252
TEaT48
103,252
T6.T748
103,252
76,748
103,252
T, 748
103,252
764748
103,252
76,748
103,252
67,018
67.018
112,982
£7.018
112,982
67,018
112,982
67,018
112,982
67.018
112,982
67,018
112,982
67,018
112,982
67,018
112.982
67,018
112,982
67.018
67,018
112,982

ALPHA

127.000
174,000
101.000
148.000
75.000
122,000
169.000
96,000
143,000
70,000
117,000
164,000
91,000
135,000
65.000
112,000
159,000
86,000
133,000
180,000
107,000
154,000
81.000
128.000
175.000
102,000
145,000
76.000
123,000
97,000
144,000
71,000
118.000
145,000
92,000
13¢,.000
66,000
113,000
160,000
87,000
134,000
61,000
108,000
155,000
82,000
129,000
176.000
103,000
77.000
124,000
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X

watl522
—areb22
s 25217
~a25217
-~ 26879
26879
ma2 7441
~a2T441
«s26B879
wa2b6B79
=-a25217
-e25217
-allb22
—a22522
~.18905
- 18905
et 4515
~a09530
ma 09530

" wa06155

=a04155
01300
201390
06878
06878
12085
«12085
~16797
216797
20821

20821

«23992
23992
«26182
26182
27300
« 27300
« 25487
25487
224565
a24965
23422
223422
20919
«20919
-17560
- 17540
«13482
«13482
.08852

Y
al5676
« 15676
210822
+10822
05524
205524

0,00000
0,00000
-2 05524
wa05524
=410822
-a10822
-s 15676
walB8676
wal9889
~s19BRO
-e232R7
~o25732
“a25732
wal2Tl24
=a27124
~a 27405
2l 7405
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waBhB
-a 24636
waldb36
-.216:)9
»e21699
s 17TB74

walTBT4

wel3d31l7
-~al3317

-a08215

-,08215
s 02776
ma02776
0,00000
0,00000
205131
+ 05131
»10051
» 10051
«14560
e 14560
218473
«18473
e21630
+21630
223901

13

z

=11638
wellb3s
211638
~sll638
«11638
=-o1l638
« 11638
~ellt38
« 11638
~s1l1638
211638
=-s11638
«11638
~o1l638
s11638
~allb38
e11638
2l1638
wpllb38
e11638
wollb3s
211638
mall&3s
211638
o11638
~s11638
211638
-oll&38
211638
mellbds
011638
- 11638
211638
~-el1638
o11638
walle3s
215455
=o15455
+ 15455
wo 15455
s 15455
~alB5455
«15455
~a 15455
o« 15455
=alb455
2195455
- 15455
215455

THETA

145,161
145,161
1564774
156,774
168.387
168,387
180,000
180,000
191.613
191,613
203,226
203.226
214.839
214,839
226,452
2264452
238,065
249,677
249,677
261.291
261.291
272,903
272,903
284,516
284,516
296,129
296,129
307.742
307,742
319,355
319,355
330,968
330.968
342,581
342,581
354,193
354,193

0,000

0.000

T 11,813

11,613
23,226
23.226
34.839
34.839
46a451
46a.451
5R.065
58,065
69.677

PH1

67,018
112,982
67,018
112,982
67.018
112.982
67,018
112,982
67,018
il2.982
67,018
112,982
67,018
112,982
67,018
112,982
67,018
67.018
112.982
67,018
112,982
67.018
112,982
67,018
112,982
67,018
112,982
67,018
112,982
67.018
112,982
67.018
112,982
67,018
112,982
67.018
112,982
58,769
121.231
58,769
121,231
58,769
121,231
58,769
121,231
58,769
121,231
58.769
121,231
58,769

ALPHA

171,000
98,000

145,000

72,000
119,000
166,000

g3,000
140,000

67,000
114,000
161,000

88,000
135,000

62,000
109,000
156,000

83,000
177.000
104,000
151,000

78,000
125,000
172,000

99,000
146,000

73,000
120,000
167,000

94,000
141,000

68,000
115,000
162,000

89,000
136,000

63,000
110,000
157,000

84,000
131.000
178,000
105,000
152,000

79,000
126,000
173,000
100,000
147,000

T4,000
121,000
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X

08852
03880
03860
=-,01291
-a01291
~o,06389
“06389
~“all224
“011224
e l5601
‘-15601
=,19339
-e19339
wedld2B5
-a22285
~a24318
me2431lB
ma25357
—-e25357
~a25357
-al5357
—elh3lp
mal4318
mal2285
wa 22285
-219339
~al9339
walB601
wal5601
mall224
~all224
meD6389
= 08389
wel1291
01201
.03859
.03859
088582
.08852
«13482
~13482
~17560
« 17560
20919
.20919
a23422
«23422
« 245965
224965
22509

Table 2. (Cont.)

Y

«23501
«25194
«25194
e 25455
025455
024674
024674
«22BB3
« 22882
« 20154
0201 %4
016601
c1l6601
el2369
e12369
007630
007630
+02578
« 02578
~a 02578
~a02578
~-a07630
~a07630
~a 12349
~al235609
e ifall
~s 16601
~-e20154
wea20154
~al2883
me228R3
s 2G6TH
s 2Ob6TH
- 25455
~al2B5455
ralB5loh
walBloh
-a23901
-a23901
-e21630
~e2l630
~a 18473
-s 18473
s 14540
~e 14560
me 10081
-4210081]1
-a05131
waU5131
0,00000

14

Z

~a15455
215455
~alB455
e 15455
=~a15455
a15455
215455
e 15455
~y15455
015455
= 15455
015455
=a15455
¢ 154556
-o 15455
e 15455
wolB455
215455
wo 15455
e15455
~s 15455
e 15455
we 15455
e 15455
~a 15455
215455
-e 15456
=« 15455
~a 15455
2154565
we15455
«15455
welB5455
+ 15455
g 15455
215455
=0 15455
2 15455
we l5455
« 15455
wal5455
215455
~al5455
¢ 15455
~el5455
« 15455
ws 15455
215455
-a 15455
19539

THETA

69.6TT
8l.290
92,903
92.903
104,516
104,516
1162129
ll6q129
127742
127742
139,355
139,355
150,968
150,968
162,581
162,581
174,193
174,193
185,806
ig5.806
197,419
197.4l19
209,032
209,032
220,645
220,645
232,258
232.258
243,871
243,871
255,484
255,484
267.097
267.097
278,710
278,710
290,322
290,322
301.936
301.936
313,548
313,548
325,161
325.161
334,774
336,774
348,387
348,387
0,000

PHI

121,231
58.769
121,231
584769
121,231
58,769
121,231
5HeTHY
121,231
58,769
121,231
58,769
121.231
58,769
121,231
58,769
121,231
58,769
121,231
58,769
121,231
58,769
121,231
58,769
121,231
58,769
121,231
58.769
121,231
58.769
121.231
58,769
121,231
58.769
121,231
58.769
121,231
58,769
121.231
58,769
121,231
58,769
121,231
58,769
121,231
58,769
121,231
58,769
121,231
49,039

ALPHA

1648.000
142,000
69,000
116,000
163,000
90,000
137.000
64,000
111.000
156,000
85,000
132,000
179.000
106,000
153,000
80,000
127.000
174,000
101,000
148,000
75.000
122,000
169,000
96.000
143,000
70,000
117,000
164,000
91.000
138.000
65,000
112,000
159,000
86,000
133,000
180,000
107,000
154,000
81,000
128,000
175,000
102,000
149,000
76,000
123,000
170,000
97,000
144,000
71.000 .
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Table 2. {Cont,)

X

«22509
21902
«21902
«20L15
020115
017242
e 17242
al3441}
013441
«08915
« 08915
.03209
203909
-221309
=a01309
-2 06455
-~ 08655
~a1l254
~a1l1254
walB444
wal5446
~.18805
o 18805
-a2ll51
—a2llB]l
= 22356
e 22356
wal?2356
~a22356
m-adllBbl
mal2ll5l
- 18806
-e 18806
—al5447
-al5447
wall254
=all254
o 06456
o 06456
-s01310
=a01310
-03909
03909
«08915
«0B915
«13641
«13441
217242
«17242
«20115

Y
0,00000
«05190
«05190
210102
«10102
014468
el4468
¢18055
«1 8055
020668
e 20668
e221i66
e22166
«22470
022470
221563
021563
e19493
019493
al6372
«16372
12349
212369
»07698
«07608
.02613
02613
-a02613
~a02613
- 07698

. wo 07698

mal2349
~sl2360
wolb372
-al6372
ws 19493
~s 19493
wa2l543
~a21563
—.22470
-a22470
wa22186
=222146
~e20668
wa 20668
wolB8055
~s 18055
ﬂ|14468
~al4468
s 10103

15

- 19539
« 19539
=s 19539
+19539
-0 19539
219539
~s19539
219539
=-o19539
219539
-s19539
«19539
-0 19539
19539
e 19539
»19539
me 19539
« 19539
-e 19539
+ 19539
~s 19539
- 19539
-a 19539
219539
wa 19530
19539
=-o1953¢
219539
~o195309
219539
-a 19539
« 19539
-219539
219539
218539
-0 195309
+1953¢9
-al9539
019539
rs 19539
219539
~s 19539
«19539
~219539
« 19539
~al9530
019539
195639
«19539

THETA

0,000
13,333
13,333
260667
260667
40,000
40,000
53,333
53,333
b56,667
66,5667
80,000
80,000
93,333
93,333

106,666
106,666
120,000
120,000
132,333
133,333
146,666
146,666
160,000
160,000
173,333
173,333
186,666
186,666
200,000
200,000
213,333
213,333
224,666
226,646
239,999
239,999
253,333
253.333
266,666
266 ab6H
279,999
279,999
293,333
293,333
306.665
306.666
319,999
319.999
333,333

PH1

130,961
49,039
130,961
49,039
130,961
49,039
130,961
49,039
130,961
45,039
130,961
49,039
130,961
49,039
130,98l
49,039
130,961
49,039
130,961
49,039
130,981
45,039
130,961
49,039
130,961
49,039
130,961
49,039
130,951
49,039
130,961
49,039
130,951
49,039
130,961
49,039
130,961
49,039
130,961
49,039
130,961
49,039
130,961
49,039
130,961
49,039
130,961
49,039
130,961
49,039

ALPHA

118,000
145,000
92,000
139,000
66,000
113,000
160,000
87,000
134,000
61,000
108,000
155,000
82,000
129,000
176,000
103,000
150,000
17,000
124,000
171,000
98,000
145,000
72,000
119,000
146,000
¢3,000
140,000
67,000
114,000
161,000
88,000
135,000
62,000
109,000
156,600
83,000
130,000
177.000
104,000
151,000
78.000
125.000
172.000
99,000
146.000
73,000
120,000
167,000
94,000
141,000
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Table 2. (Cont.)

X

.20115
nelgb2
21902
.18883
.18883
218182
218182
o 16133
216133
212888
o« 12888
+ 08688
[ge.7.1.1.]
«03842
«03842
-.01289
01289
-a 06323

'~.06323

~.10889
~.10889
—e 14647
me 14647
ma 17320
~al7320
- 18707
-a18707
- 18707
-al8707
-a17320
-al17320
o l&b47
wa L4647
-, 10889
-e 10889
- 06323
we 06323
~.01289
=a0l289
03842
«03842
08688
08688
.l2888
.12888
16133
.18182
218182
214713

Y

=-o10103
-a05191
-a05191
0,00000
0,00000
o 050095
« 35095
209811
+ 09811
¢13801
+ 13801
216765
e l6THS
« 18488
« 18488
18839
« 18839
el17793
177093
215627
215627
211917
«115917
L07523
07523
202571
202571
wa02571
-a02571
- 07523
-a07523
-211017
-all9l7
wolB427
wo 18427
s bTT93
wal7763
~e 18839
~a1l8839
~e 8488
~a2 18488
16745
wel6TAS
-+ 13800
-2 13800
-a09811
-.09811
-« 05094
-y 05004
0,00000

16

z

-~al9539
+19539
=o19539
.23063
—a 23063
+23063
-o23063
023063
-223063
223063
-y23063
23063
=-o23063
023063
23063
«23063
~e23063
023063
wo23063
. 230863
~e 23063
+23063
we23063
223063
-a23063
« 23063
~-a23063
«23063
~ 23063
. 23063
-a23063
023062
~e23063
223063
=-s23063
223063
-o23063
223063
wa23063
023063
ne 23063
223063
ma230563
« 23063
~e23063
023063
~a 23063
« 23063
~-o23063
025922

THETA

333,333
346,666
346,666
0.000
0,000
15,652
15.652
314304
31,304
464957
464957
62,609
620609
78261
78.261
93,913
93,913
109,566
109,566
125,218
125,218
140,870
140,870
156,522
156.522
172,174
172,174
187.826
187.826
203,479
203,479
219.131
219,131
234,783
234,783
250,435
250,435
266,087

266,087

281,739
281,739
297.392
297.392
313,044
313,044
328.696
328.496
344,348
344,348

0.000

PHI

130,961
49,039
130,961
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140691
39,309
l4U.691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691
39,309
140,691}
29,579

ALPHA

66.000
115,000
162.000

£89.000
136,000

63,000
110,000
157,000

84,000
131000
178,000
105,000
152,000

19,000
126,000
173,000
100,000
147,000

14,000
121,000
168,000

§5,000
142,000

69,000
116,000
163,000

90,000
137,000

64,000
111,000
158,000

85.000
132,000
179,000
106,000
153,000

g0,000
127,000
174,000
101,000
148,000

75,000
122.000
169,000

96.000
143,000

70,000
117.000
164,000

41,000
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Table 2. (Cont.)

X

214713
~ 138258
-l3825
211271
el1271
« 07356
« 073586
« 02554
202554
-9 02554
~e02554
-, 07356
-, 07356
-a11271
~all1271
-, 13825
-a13825
-a 14713

‘maléT1l3

-o13825
~al3825
wall271
wall271
»a07356
-« 07356
~a02554
~a 02554
202554
«02554
07358
11271
«11271
«13825
- 13825
.10120
.10120
08764
08764
05060
058060
0.00000
0,00000
w,05060
-~ 065080
= 08764
08764
-a10120
'008764

Y

0,00000
205032
205032
+09458
+ 09458
el12741
e12741
¢ 14489
alé489
« 14489
+ 14489
«12741
el2741
+UGGhE
.09458
.05032
05032

0,00000

0,00000

- 05032

05032

wa 09458

weo G458

-gl2T4l

~e 12741

walehgg

welG4BQ

- L4489

e LB4RQ

~-al2741

-al2741

-~ 05458

-+ 05458

e 05032

- 05032

0,00000

0,00000
-050&0
«05080
«08764
+OB TG4
«10120
« 10120
208764
o 08764
«050450
+0504/0

0,00000

0,.00000

wo 05040

17

Z

-s25922
«25922
-a2b5922
220922
28922
+25922
-e25922
025922
—-odb9de
225922
-025922
625922
wa 25922
e25922
25922
«25922
~a25922
225922
5922
025922
25922
« 25522
25922
225922
-a25622
25922
~el25922
«25922
ral2b922
+25922
wea25922
225922
~al5G22
025922
2285522
228036
~e28036
« 28036
-+ 28038
« 28036
- 28036
«28036
ma2B8036
228038
wa 28036
«280386
~e 28036
¢ 2B036
wa28036
«28036

THETA

6.000
20,000
20,000
40,000
4G,000
60,000
60,000
80,000
80,000

100,000
100,000
120,000
120,000
140,000
140,000
160,000
160,000
180,000
180,000
200,000
200,000
220,000
220,000
240,000
240,000
260,000
260,000
280,000
280,000
300,000
300,000
320,000
320,000
340,000
340,000

0,000

0,000
30,000

"30,000
60,000
60,000
90,000
90,000

120,000

120,000

150,000

150,000

180,000

186.000

210,000

PH1

150.421
29,579
150,421
29,579
150,421
29,579
150,421
29.579
15Ue421
29579
150,421
29,579
180,421
29,579
150,421
29,579
150,421
29,579
150,421
29.579
150,421
29.579
150,421
29,579
150,421
29.579
150,421
29,579
150,421
29,579
150,421
29,579
150,421
29.579
150,421
19,848
160,151
19,848
160,151
19,848
160,151
19.848
160,151
19.848
160,151
19,848
160,151
19,848
160,151
19,848

ALPHA

138.000
65,000
112,000
159,000
864000
133,000
180,000
107,000
1544000
81,000
126,000
175.000
102,000
149,000
76,000
123,000
170,000
97.000
144,000
71,000
118,000
165,000
92,000
139,000
66,000
113,000
160,000
87,000
134,000
61.000
108,000
155,000
82.000
129,000
176,000
103,000
150,000
77.000
124,000
171,000
98,000
145,000
72,000
119,000
166,000
93,000
140,000
67.000
114,000
161,000



HEMISPHERE RING RETROC

PN B N N D~ N R B B e PO e

o

CHOVV OV OOV IV I DL REXETDODETEC T

8
9
9
10
10
1l
11
12
12

e NP W W RN e

Table 2, (Cont.)

X

~o0BTH4
-905060
= 05060
0,00000
0,00000
05060
05060
208764
«0B764
«05236
«05236
02618
202618
-~ 02618
=-,02618
-~ 05236
-~,05236

T mo.02618

~e02618
02618
.02618
0.00000

«oa05060
~e 08764
“o(JBTES
-e10120
-510120
~sQHTESL
~o 08764
«o (05060
=o 05060
0,00000
0.,00000

« 04535

« 04535

e 08535

204535
000000
0,00000
~e 04535
maU4535
~a 04535
-a 04535
0,00000

18

Z

-~ 28036
« 28036
-e28036
+ 28036
~e 28036
028036
= 28036
228036
-a28036
+29343
-al29343
e29343
-a29343
+29343
-029343
029343
-y 29343
¢29343
-029343
029343
~e29343
~-e 29807

THETA

210,000
240,000
240,000
270,000
270,000
300,000
300,000
330,000
330,000
0,000
0,000
60,000
60,000
120,000
120,000
180,000
180,000
240,000
240,000
300,000
300,000
0,000

PHI

1604151
19.848
160,151
1Y.848
160,151
19,448
1604151
194848
1604151
10,118
169,881
1Uelld
169,881
10,118
i69.881
10,118
169,881
10,118
169.881
10,118
169,881
18C,000

ALPHA

, 884000
135.000
62.000
109.000
1564000
83.000
130,000
177.000
104.000
151.000
78,000
125,000
172,000
99,000
146,000
73,000
120.000
167,000
94,000
141 .000
68,000
162,000



4. METHOD OF COMPUTING THE TRANSFER FUNCTION

In computing the reflectivity of the Lageos retroreflector array, the cube corners
have been modeled as isothermal, geometrically perfect reflectors (except for the
dihedral-angle offset) with no reflecting coatings on the back faces. The change in
phase and amplitude on reflection from the back faces is computed for either ordinary
reflection or total internal reflection, depending on the incidence angle at each face.

The changes on transmission through the front face are also computed.

Computation of the range correction includes a correction for the optical path
length of the ray within the cube corner. The range correction is the difference
between the centroid of the actual return signal and the centroid of the return signal
that would be received frém a point reflector at the center of gravity of the satellite.

The correction listed is the one-way correction,

The reflectivities and range corrections presented in all the tables are for the
incoherent case; that is, the intensities of the reflections are added without taking
into account coherent interference among the reflected signals from the individual

cube corners.

The variation of the range correction due to optical coherence has been derived
by statistical analysis of a set of coherent returns, which was constructed by assigning
random phases to the reflection from each cube corner by means of a pseudo random-
number generator, Since the computer time required to compute a coherent return
increases as the square of the number of cube corners, the calculations were done
with a reduced array obtained by omitting about a third of the cube corners. The total
contribution of the omitted cubes is about 0. 2% of the return energy because they reflect
by ordinary reflection rather than total internal reflection and are at large incidence
angles; and thus have small effective apertures. Reduced arrays have also been used in
diffraction caleulations. Except when the calculations have been performed for specific
values of velocity aberration, the curves in Figure 6 (Section 6), giving the average
reflectivity of the cube corners between velocity aberrations of 32 and 41 prad, have
been used to compute the strength of the reflection from each cube corner. The curve

for 5320 A is used unless runs have been made for hoth wavelengths.
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5. SIGNAL-STRENGTH COMPUTATION

The data contained in the tables presented later can be used to estimate signal

strengths for laser ranging by use of the following equation:

2

- E T
= 1w OrAgCGefr o T,

N

where

= number of photoelectrons,
transmitted energy,

= Planck's constant,

< B oE
I

= frequency of laser light,

]
-
Il

"gain' of transmitter,
= active reflecting area of satellite,

= "gain" of satellite array,

H owm m

= area of receiving telescope,
= atmospheric-transmission factor,
= range from station to satellite,

- I o B

= constant, which includes the quantum efficiency of the photomultiplier
and the optical transmission factors of the transmitter, the satellite,
and the receiver.

If the transmitted beam is a uniform spot of solid angle QT’ the "gain" function

of the transmitter is

1
(G = =
T QT

The gain functions in this equation do not contain the factor of 41 used in the standard
definition of gain., Those given in later sections can be converted to the standard
definition by multiplying by 4w. The signal-strength equation above can be converted
to the standard definition of gain by adding the factor 1/ (4'rr)2..
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6. OPTICAL CUBE-CORNER REFLECTIVITY

The reflectivity of the Lageos optical cube corners is given below as a function
of incidence angle. The angle ¢ is measured from the normal to the front face, and
the angle 0 is the angle to the projection of the incident beam onto the front face; both
these angles are shown in Figure 4. In each graph of Figure 6, the upper curve is the
total reflectivity and the lower curve is the average reflectivity in the annulus between
32 and 41 prad from the center of the reflected beam in the far field, which is approxi-
mately that region of the far field observed during laser ranging because of velocity
aberration. All curves are normalized to unity at normal incidence. The total reflec-
tivity at normal incidence is proportional to the area of the front face, which is
11.4009 cm2 for a circular cube corner of radius 1.905 cm. For a perfect reflector
of the same aperture, the gain at the center of the far-field pattern would be G = A/ 7\2,
where A is the area, M the wavelength of the incident beam, and G the gain as defined
in Section 5. (The standard expression for gain in this case is 4wA/ 7\2.) The program
used to compute the reflectivity of the Lageos cube corners is normalized such that
A/ hz is unity. The average intensity computed by this program between 32 and 41 prad
is 0.0262 at 5320 A and 0,0291 at 6943 A. To convert the reflectivities in the annulus
to gain, values from Figure 6 are multiplied by G5320 or GGS 437 where

*+ ¢

Figure 4. Direction of incident beam.
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2 8
Gaoq = 0- 0262 (A/A5320) = 1. 0554 X 10

and

_ 2 7
Grgyq = 0-0291 (A/AZgyq) = 6.882 X 10" .

6943

The reflectivity of a cube corner depends on the polarization of the input beam.
The reflection losses on entering and leaving the front face are different for the
components of the radiation parallel and perpendicular to the plane of incidence. When
the light is reflected from each of the back faces there is a change in phase for the
parallel and perpendicular components of the radiation if the incidence angle is large
enough to give total internal reflection, and a change in amplitude for each component
if the incidence angle is less than the critical angle. It is possible for only one of the
three back faces to lose total internal reflection at a time. The total reflectivity curve
was generated by computing the active reflecting area and then correcting for all
reflection losses assuming that the light is unpolarized at each encounter with a sur-
face. The reflectivity in the annulus was computed for a circularly polarized input
beam and all reflections and transmissions are treated rigorously. In general, the
reflectivity in the annulus falls off more rapidly than the total reflectivity because

diffraction spreads the beam more as the effective reflecting area decreases.

Since the front face of the cube corner is circular, the active reflecting area is
independent of the azimuth angle 6. However, the reflectivity depends on 6 primarily
because of loss of total reflection, and to a lesser extent because of polarization
effects. The reflectivity repeats exactly every 120° in © starting at any of the three
real back edges, which are at 6 = -30°, 90°, and 210°. The cutoff angle for total
internal reflection is symmetrical about the centers of each 120° interval, which are
at 6 = +30°, 120°, and 240°. The cutoif angle ¢, for total internal reflection is given
from 6 = -30° to +90° in Table 3, for n = 1.461 and 1.455, the refractive indices at
5320 and 6943 zi, respectively. The cube corner never loses total internal reflec-
tion at 6 = 30°. The cutoff angle listed for this azimuth is the angle where the active

reflecting area goes to zero. This angle is computed from the formula
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%w=3W)=afimsm¢9 ,

where

-1 r
4)(;:1:311 -,Q-’

r = the radius of the front face (1,905 cm),
2 =the length of the cube corner (2.7838 cm),
n = the index of refraction.

When the incidence angle is past the limit for total reflection, the cube corner reflects
by ordinary reflection at one of the back faces. Figure 6-15 shows a detailed plot of the
total reflectivity as a function of ¢ in the vicinity of the cutoff angle ¢ o which is

162595 for this case. The curve shows a discontinuity in slope at the cutoff angle, and
the reflectivity decreases rapidly just past the cutoff. One degree past cutoff, the
reflectivity is down to 42% of the value before cutoff, and two degrees past, it is down
to 28%.

Table 3. Cutoff angle for total internal reflection.

) $,(5320 A) $,(6943 A)
-30° 162998 162595
-20 17.315 16,903
-10 18. 340 17. 899

0 20, 347 19, 844
+10 24,079 23. 446
+20 32.215 31.204
+30 55, 597 55. 255
+40 32,215 31.204
+50 24, 079 23, 446
+60 20. 347 19, 844
+70 18, 340 17. 899
+80 17. 315 16.903
+90 16. 998 16. 595
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The reflectivities listed in Table 4 are nearly symmetric about 6 = 30° because
the total reflection cutoff is symmetric about this azimuth. The slight asymmetry
is due to an asymmetry in the input polarization. The circular polarization vector
used as input has components of equal magnitude perpendicular and parallel to the
plane of incidence and a phase difference of 90° between the components. Figure 5
shows the input polarization vectors just before and just after 6 = 30°, It'is apparent
that to obtain polarization symmetry about 6 = 30°, the direction (or sign) of E L
should be reversed when the symmetry angle is crossed. Some computer runs have
been done reversing the sign, and exact symmetry is obtained. Since the polarization

asymmetry is small, only the curves for 6 = -30° to +30° have been plotted in Figure 6.

Figure 5. Asymmetry of the input polarization vector with respect to © = 30°,

26



00000°0 0C0O0*0 00000*0 0C000"0 000000 0000CG*0 00000°0 GO0OO00®0 000000 00000°C 00000°0 00000°0 C0000°Q %o

0O000%0 E0000* €£0n00* €0000° €0000* LOOOQO® ZSO00® L0ODG® €0000° €0000* Q0000'0 00000°0 000000 46
S%000° S%000* TS000* Z9000° 6BOOO® 96100° HIEI10" €0200° 68000° 8%000° 84000 §%000° §%000° 0%
96100" 90200% Q€200° GL200° HGE00* ©6900° +09v0* 8€800° H9£00° 8%200° 90200" 96T00° 96100° G4
90600°* 1%S00°* 109n0* O%L00% €£G010° +1€20% €9060° 0£020* 2€R00* 1L900° 8&6%00* +8900" 90500° 0%
L9600° 9LOTO®* 19710° 98610° 08€z0° €6090° 91841* 969%0° €€£610° 710070° 28800° <6800° L9600° 13
BELTO® #6610* 4HGHhz0" CHEE0”™ 26LSD° 019L2° €BOGZ® Q7L27° 2elf0* B%0Z0" O0%970° 66510° BELIO 0E
979¢0" LUTY0® 9ES0" 20EB0T TILA1" G82%° Sb2I4* #826€° 128991° §2090° %L0ov0" LesEQ” 929e0’ 52
8Z50L° 9ITZ2T° »GBOI" Z.L60Y" HELIS" £66L5" GHESG® B9696* GI9ES® wiG69¢” 9Lyy1* +»G601" 82s501° 02
£6869° T1Z0B89® 70989® €BL89% 06689 +HE689°% 6H6G0L® L0¥69* Q00L9* 909%9°  LyZE9T  €£80%9* €£68¢3" s1
86ELL® G906L° €S16L° TH18L° B9LBL® 1G08L* €€6BL® 0508L* 60€9L" SS06L°  €06EL® 9618L° 86£LL* 01
GoZ98® IGTLB® &Ini8° 09998° 01898° 220.8% BQEYLE2® 9BELB" GBZ98* £L668° 2zZ&yE°  L86%B* G9298° G

000001 00CDO*T 00000*T U0000"T OUOO0"1 00000°T 00000°T 00000°T 00000™T 00000°1 000001 000001 000001 O

8 06 o8 oL 69 0& 0% 0E (114 o1 o o1= oZ= ge™

M. £%69 =X

00000°C 00000%0 000000 00000%0 00000°0 Q0000®0 00000°0 00000°0 00000°0 00000°0 Q0000°0 00000%0 Q00000 %w
00000%0 00000%D #0n00®  »0000°  %0000° 8C000* €§000° 80000° +0000* +0000° 00000°0 00000%0 00000*G &S
B8E000° 2v000° &vn00° £5000° LLOOO® €9100° (»010* G9l100°* 2L000° 05000* 24000* BECOO* 8E000° 0s
6L700° 26100" 80700° 15200° LSEQ0™ BELQO® HEJEQ™ ZLi900" LBZOO® Z0Z00° LLT00" 0L100° 64100° G¥
11%00° £5%00° 90500° L1900° 86800 62Z610° +»1z40” %9510° 10900° &1v00" 08£00" 28€00° T11%00°  o%
6€L00" 9¥BOO°® €86p0° %8210° H00Z0° 10250° w¥EZ1” ZvI%0° €9210° 88L00° 8900 (8%00° 6gio0’ s¢
16510° €£9910° 11020° S9L20° T1Lv0~ €2612° 84602° 4zv0z” 28S€0" LL610" 92510 €BElo” 15%10° Q€
9pEED” TSLEQ® 29g5%0° 295907 962HT° ZIC0E® 89562° 1166z° 4Hpsz1°® 1ZES0° 6BLEQ® BuZEp® 90£€0” sZ
9060° b6ZEQ1® §65e1” 61819 LEY0H® 66EBE" &Z0LE® 9T199E”  100S€” 6LZY9E" OQLLITT wBI60T 69060° 02
9RBEY°  GLZIS® H6.06° E£4%1S° 1092687 9EI108” 9SLE4®  owlBy®  26v9%® £G6994°  ZILL®® (88LL" 9886%" 81
668%9" D0099° €88569° LLL99 29E69" LI6L9" HIBY9® LpELS® 16569° 0Z059° LBEeY"  gzBE9”  66849° o1
B6THR°  BYNSB°  HE648°  Z9HGET  OE0L8°  99298° (06958° ¢0Z98° +£5858° 1L8HBY  6z998°  L19€8° g6148° a

00000" 1 00000°T 00000°T 0000CG™T 000001 00000°T 00000°T 00000°Y 00000*T 00000°T 00000°T 00000°1 00000°T O

) on..u og oL o9 as 0% 0E 0¢ o1 V) 1" oe= o€~

¥ 0388 =X

o *F 9IN31] Ul POULjop 938 ¢ pue g Sofdue 9yl ‘uxsjied uornl
~OBIGTIP PISI-IBI Y} JO SNINUUE PBIN-1§ 0] ~g§ 29U} Ul IDWI00 aqnod [eoi1jdo soaleT B Jo AJIATIO0SX 98BISAY ‘' OIqBL

27



0.1

T TTTj

0.0l

REFLECTIVITY

I T TTT]

0.00l1

0.000i

Lt g1

i

|

Lieal

Lol

1 i ] | ; i | ] l l i l

Figure 6(1—15).

0

5 10 15 20 25 30 35 40 45 50 55 60

¢

Total reflectivity (upper curve) and average reflectivity in the 32- to
41-prad annulus of the far-field pattern (lower curve) for a Lageos
optical cube corner. The angles 6 and ¢ are defined in Figure 4; the
angle 0 and the wavelength )\ are listed for each set of curves.
Figure 6-1. ©=-30°, » = 5320 A.
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7. VARIATION OF TRANSFER FUNCTION WITH SATELLITE ORIENTATION

The surface of the Lageos satellite is covered as uniformly as possible with cube
corners to make the reflecting properties nearly independent of satellite orientation.
Four of the cube corner locations have germanium reflectors for use by infrared
lasers. Replacing an optical cube with a germanium cube, which is opaque to visible
light, reduces the range correction by about 1.6 to 1.7 mom for a beam incident per-
pendicular to the face of the cube corner. The change in range was calculated by using
the reflectivity curves for 5320 ﬁi, with a 0.2-nsec incident pulse, and by computing
the range correction for centroid, half-area, half-maximum, and peak detection
methods.

A set of 138 sampling points was distributed over the surface of the sphere to
study the variation of the transfer function with satellite orientation. The reflectivity
curves for 5320 and 6943 _;& were used to compute the reflectivity (in equivalent num-~
ber of cube corners) and centroid range correction at each point. The rms variation
of the centroid range correction is 0.85 mm and the variation of the reflected energy
is about 6 or 7% over all satellite orientations. The difference between the maximum
and minimum range corrections is 4.5 mm. The average range correction at each
latitude has also been computed to look for systematic effects. Except at the north
pole where there is an infrared cube corner, the average range corrections at all
latitudes are contained within a l1-mm interval. The variation of the transfer function
at points other than the location of germanium reflectors is due mainly to cube corners
going in and out of total internal reflection, and, to a lesser extent, to differences in
the configuration of the cube corners from different viewing angles. For the purpose
of making more detailed studies of the transfer function, the sampling points have been
locked at individually to find one whose properties are close to the average for all
orientations. The point at 6 = 20°, ¢ = 150° has nearly the average reflectivity, range
correctibn, and pulse spread, so it has been used for all the calculations in the follow~

ing sections.
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8, REFLECTIVITY HISTOGRAM

An important factor affecting the range accuracy obtainable from a retroreflector
array is the spread in range along the line of sight of the cube corners contributing
to the reflected signal. The return from Lageos comes from a spherical cap whose
angular radius is the cutoff éngle of the cube corners. In addition to the angle where
the active reflecting area goes to zero, there is a sharp decrease in reflectivily when
the incidence angle on a cube corner goes past the cutoff for total internal reflection.
Table 5 below lists the apparent reflection points along the line of sight measured from
the center of the satellite for three cases: the earliest possible reflection point (a
cube corner whose face is normal to the incident beam); the earliest point where a
cube comer can lose total internal reflection; and the last possible reflection point
where the active reflecting afea goes to zero., The apparent reflection point as a
funetion of the angle ¢ between the incident beam and the normal to the front face of

the cube corner is given by the expression

Rcos -1 Vnzwsinzda s

where
R = the distance from the center of the satellite to the front face of the
cube corner (29,807 cm),
¢ = the incidence angle on the cube corner,
= the length of the cube corner (2.7838 cm),

n = the index of refraction,

The cutoff angles (¢) for the cases listed are from Table 3 in Section 6.

The total range spread is a little over 12 em. Total internal reflection is
guaranteed for a little more than the first centimeter., Since the cube corners are
spaced about 10° from each other on the surface, a beam incident in the center of a
square of reflectors could be up to about 7° from the nearest cube corner. The
apparent reflection point for ¢ = 7° and n = 1.461 is 0.2553 m. Therefore, the maxi-

mum variation of the earliest reflection point is about 2 mm.
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Table 5. Apparent reflection points for various incidence angles.

Apparent reflection

ol A n point (m) Description

0 6943 1,455 0.2576 Earliest reflection point

0 5320 1.461 0.2574 Earliest reflection point
162595 6943 1.455 0.2459 Earliest T.L R. cutoff
167998 5320 1.461 0, 2452 Earliest T.L R, cutoff
55,255 6943 1.455 0.13645 Latest reflection point
557597 5320 1,461 0.13485 Latest reflection point

Figures ?(a—c); are histograms of the contribution to the reflected signal from
each 1-cm interval along the line of sight starting from the earliest reflection point.
The origin of the distance scale is the center of the satellite., Table 6 lists the data
used to plot the histograms. The calculations were done using the reflectivity curves
of Figure 6. Over half the return energy comes from the first 1-cm interval, and
over 90% comes from the first 4—-cm interval. The centroid of the first two histograms
is at 24. 25 cm, which is 1,50 em in back of the first reflection point. The effect of
loss of total internal reflection in concentrating the energy toward the earliest reflec-
tion point can be seen by comparing the second histogram with the third, which is the
energy distribution that would be obtained by coating the back reflecting faces of the
cube corners. The centroid, if the cubes were coated, would be at 0,2314 m, which

is a little over 2. 50 cm from the earliest reflection point.

46



| T T I | | I I I | |
60+ -
50 + -
=z
o
o
= .
W 40 =
=i
]._
O
F 30 ]
L
O
0\.0
20 |- ’ -
o
)
X
10+ = =
L
QO
1 T s S B w s W TN 5 | 1T !

13 14 5 (6 I7 18 19 20 21 22 23 24 25 26
DISTANCE FROM CENTER OF SATELLITE (cm)

Figure 7a. Reflectivity histogram of Lageos using the reflectivity curve of Figure 6
for A = 5320 A (uncoated cube corners).
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Table 6a. Percentage of total return in each l-cm interval starting from the earliest
apparent reflection point (A = 5320, uncoated cube corners).

% of total
Interval return Cumulative %
1 53.89 53,89
2 19.35 73.24
3 10,76 84.00
4 9.72 93.72
5 2,01 95.73
6 1,88 97.60
7 1,57 99.17
8 0.07 99,24
9 0.35 99.59
10 .31 99.90
11 0.09 99,99
i2 0.01 100,00

Table 6b. Percentage of total return in each 1-cm interval starting from the earliest
apparent reflection point (A = 6943, uncoated cube corners).

% of total
Interval return Cumulative %
1 51.10 51.10
2 21,57 . 12,67
3 11.70 84, 37
4 9.45 93.82
5 1.95 95,77
6 1.85 97.62
7 1,57 99,19
8 0.06 99.26
9 0.34 92,60
10 0.30 99,90
11 0.09 99.99
12 0.01 100,00

50



able 6¢. Percentage of total return in each l-cm interval starting from the earliest
apparent reflection point (A = 6943, coated cube corners).

% of total

Interval return Cumulative %
i 31.86 31.86
2 18.77 50,63
3 12,29 62.91
4 14,62 77. 54
5 7.32 84,86
] 4,73 89.59

T 6,38 95, 97
8 0.69 96, 66
9 1.93 98, 59

10 1.02 99.61

11 0.30 99,91

12 0.08 100,900
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9. ARRAY REFLECTIVITY

This section presents information on the reflectivity of the Lageos array that
can be used to estimate signal strengths by use of the formula given in Section 5. The
array reflectivity is given by the cross section, which is the product of the reflecting
area and the gain, In computing the diffraction pattern of the array, it is essentially
the cross section that is computed. The gain can be computed by dividing the cross
section by the reflecting area, which must be determined separately. The reﬂecting
area can be computed by multiplying the area of one cube corner (11.4009 cm ) by
the equivalent number of cube corners, which can be obtained using a reflectivity
curve normalized to unity at normal incidence. The total reflected energy is equiva-
lent to 12.60 cube corners at X = 5320 }ok and 12. 33 cube corners at A = 6943, Multi~
plying these by the area of one cube gives 0. 014361 and 0.014052 m2 at 5320 and
6943 1-0\, respectively. These are the areas to be used with the gain matrices of this
section for computing signal strength. The effective number of cube corners can also
be computed from the reflectivity curves in Section 6. The average effective number
of cube corners over all orientations using these curves are 9.88 and 12.21 at 5320
and 6943 A respectively. Multiplying these values by the area and gain of one cube
2 and 0.958 X 10° m?
at 5320 and 6943 A. (In standard units of gain and cross section, 15 X 106 m2 and

12 X 106 m? are obtained, respectively, because of the factor of 4w in the standard

corner at normal incidence gives cross sections of 1.198 X 10 m

definition. )

The gain matrix of the Lageos array has been computed for 5320 and 6943 zi,
with dihedral angle offsets of 0.75, 1.25, and 1.75 arcsee, and linear and circular
polarization of the incident beam. In addition, an equal mixture of 0.75-, 1.25-, and
1.75-arcsec offsets has been used in an attempt to simulate the mixture of ofisets
present in the actual cube corners, The gain matrices are given in Table 7. The
angles 91 and 82, in microradians, are defined in Figure 8. The angle 92 is in the
direction of decreasing ¢ in the plane containing the Z axis and the direction toward the
111um1na’smg laser (the vector V). The angle 6 is normal to the plane in the direction
of Z X V.
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Figure 8. Diffraction-pattern coordinate system.

Table 8§ shows how the array gain function varies with velocity aberration, The
first column is the magnitude of the velocity aberration in microradians, and the second
ig the array gain function in units of 107. In the computer-plotted graph, the gain func-
tion increases to the right and the velocity aberration, down the page. The gain func-
tion is the average value around a cirecle in the far field with radius equal to the
velocity aberration., The second part of each table gives the root-mean-square (rms)
variation of the gain around the circle.

Figure 9 consists of contour plots of the gain-function matrices given in Table 7.
Circles have been drawn with radii of 32 and 41 prad to mark the minimum and maxi-
mum values of velocity aberration. The contour levels plotted are 8, 4, 2, and 1 X 107,
The position of peaks in the pattern is indicated by asterisks. The contour plots for
linearly polarized illumination show an asymmetry consisting of dumbbell-shaped con-
tours aligned with the electric vector of the incident illumination, At 35 prad from the
center of the pattern, the intensity in the bright lobes is about a factor of 2 higher than
at points 90° away from the bright lobes. The asymmetry disappears if circularly
polarized illumination is used. Test runs show that the asymmetry also disappears if
there is no dihedral angle offset or if the back faces have metal coatings.
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Figure 9{1-16). antour plots of the gain-functjon matrices given in Table 7. Circles 32 and 41 prad in radins pre shown to mark the
nynimum and maximum values of velocity aberration. The numbers are the gain in units of 107, The dihedral-angle
offset & and the wavelength ) are given for each figure, Figure 9-1. Linear polarization, & = 075, : = 5320 A.
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Figure 9-2. Linear polarization, § = I"26, h = 5320 A,
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Figure 9-4, Linear polarization, § = 125 (mixed dihedral angles), k = 5320 A.
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Figure 9-5. Linear polarization, 6=0175, ) = 6943 £,
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Figure 9-6. Linear polarization, & = 1725, \ = 6943 4,
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Figure 8-7, Linear polarization, 6= 1475, A = 6843 4,
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Figure 9-8, lLinear polarization, § = 125 (mixed dihedral angles), \ = 6943 A
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Flgure 8-8. Circular polarization, 5=0075, A= 5320 4.
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Figure 9-10. Circular polarization, & = 1125, h = 5320 [:
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Figure 9-11. Circulpr polarization, § = 1975, A = 5320 A.
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Figure 9-12. Circular polarization, & = 1925 (mixed dihedral angles), k= 5320 A
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Figare 9-13. Circular polarization, 5=0U75, \ = 6943 4.
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Tigure 9-14. Circular polarization, & = 1'25, A= 6943 &,
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Figure 9-15. Circular polarization, § = 1U75, ) = 6943 A.
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Figure 9-16, Circular polarization, & = 125 (mixed dihedra} angles), k= 6943 A.
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Table 9 gives the average gain in the 32~ to 41-prad annulus for each of the array
diffraction patterns computed. At 5320 A the strongest signal is obtained with the
1.25~arcsec dihedral angle offset. At 6943 A the intensity is slightly higher at the
0.,'.75-arcsec offset. As can be seen from Table 8, the energy is concentrated in the
center of the pattern for small dihedral angle offsets and shifts outward as the offset
is increased. At 6943 & the pattern is wider than at 5320 A due to diffraction effects,
and, in fact, the dihedral angle offset is not really essential at 6943 A. The phase
changes due to total internal reflection at the back faces also help to widen the pattern
at both wavelengths, At 5320 ﬁ, the diffraction pattern is sharper than at 6943 1—’1, and
it is possible to obtain a better concentration of energy in the desired range of velocity
aberration. Using a mixture of dihedral angle offsets with an average of 1,25 arcsec
reduces the gain in the annulus compared to having all the offsets 1.25 arcsec. The
effect is greater at 5320 A because the pattern is sharper at this wavelength. The
results for a mixture of offsets are probably more representative of the behavior of
the actual array. Multiplication of the gains for linear polarization and mixed offsets

by the area for each wavelength gives cross sections of 1,03 X 1(}6 m2 and

0.90 X 10% m? at 5320 A and 6943 &, respectively (13.0 X 10® m? and 11.3 X 10

in standard cross section units).

6 2
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Table 9. Average gain in the 32-41 prad annulus for the
gain matrices in Table 7.

Polarization A ) G(107)
Linear 5320 0.75 6.4086
1.25 8. 0338
1.75 7.079134
1.25 7.191611
6943 0.75 6. 95308
1,25 6. 6090
1.75 5. 47508
1.25 6. 3981
Circular 5320 0.75 6.4418
1.25 8.01035
1.75 7.06848
1.25 7.1942
6943 0.75 6. 8869
1.25 6. 522986
1.75 5.39929
1.25 6.295369
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10, RANGE CORRECTION

The range corrections presented in this section give the difference between the
range that would be measured to a point reflector at the center of the satellite and
the range measured to the retroreflector array. All values are for the incoherent
case. The effect of coherent interference is discussed in Section 11. The centroid of
the total reflected energy (which can be measured only in the laboratory) is 0.2394 m
from the center of the satellite. When diffraction is taken into account, the centroid
moves to about 0.2425 m. "For long incident pulses, the range correction is the same
for all pulse detection methods because there is negligible pulse distortion. For short
pulses, the range correction is a function of pulse length for methods other than cen-
troid detection. The table below gives range corrections (m) computed for three
pulse lengths using the reflectivity curve for 5320 ;xm Tigure 6 (Section 6).

Table 10. Variation of range correction with pulse length.

Pulse
length Half
(nanosecs) Centroid Half area Peak maximum
20.0 0.2427 0.2427 0.2427 0.2428
5.0 0.2427 0.2427 0.2428 0.2431

0.2 0.2427 0.2451 0.2483 0, 2506

Tables 14 and 15, and Figure 10 give the centroid range correction matrices, the
range correction vs velocity aberration, and contour plots of the range correction
matrices. The information is for the same conditions and in the same formats as the
gain information in Section 9. The range correction vs velocity aberration in Table 15
is plotted at a scale of one millimeter per horizontal print position. The contour plots

of Figure 10 are plotied using the codes in Table 11 below.
Circles of radius 32 and 41 prad are drawn to mark the minimum and maximum

velocity aberration. The average value of the range correction in the 32- to 41-prad

annulus is listed for each case in Table 12.
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Table 11, Codes for range contour plots in Figure 10,

Range correction
(m) Plot code

0.2380
0, 2400
0.2410
0.2420
0.2430
0.2440
0.2450

Tl o W N O R

Table 12. Average range correction in the 32-41 prad ammulus for various cases.

Dihedral angle

Wave%ength offset Range correction
Polgrization (A) (arcsecs) (m)

Linear 5320 0.75 0,2411
1.25 0. 2426

1.75 0.2421

1.25 0. 2424

6943 0.75 0.2425

1.25 . 0.2421

1.75 0.2412

1,26 0.2424

Circular 5320 0.75 0.2412
1.25 0,2428

1.75 0.2424

1.256 0.2426

6943 0.75 0, 2427

1.25 0. 2426

1.75 0.2418

1.25 0.2427
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The range corrections ior pulse detection methods other than centroid have been
computed at selected points in the far field to see how much these corrections vary
with velocity aberration. The results are given in Table 13. The standard deviation
of the corrections computed (excluding the point at the center of the diffraction pattern)
was 1.2 mm for centroid detection, 1.0 mm for half area, 0.9 mm for peak, and
0.7 mm for half maximum detection, and the average values were 0,2429, 0. 2456,
0.2490, and 0.2509 m, respectively. A single dihedral angle of 1.25 arcsecs was
used.

In summary, the range correction for Lageos for centroid detection is about

0.2425 m for all pulse lengths and wavelengths. For other pulse detection methods,

the range correction varies with pulse length and is different for each method.
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Table 13. Range correction for four pulse detection techniques at gselected points in
the far field.

. Wavelength Half Half
Polarization (A) 91 82 Centroid area Peak  maximum

Linear 5320 0 0 0.2353  0.2388  0.2458 = 0.2497

0 30 0.2428 0.2455 0.2489 0.2508

0 35 0.2437  0.2464  0.2496 0.2513

0 40 0.2441 0.2467  0.2497 0.2513

30 0 0.2391 0.2425  0.2475 0.2502

35 0 0.2410 0,2444 0.2420 0.2512

40 0 0.2425 0.2457 0.2496 0.2512

21.2 21.2 0.2424 0.2446 0,2475 0.2501
24,7 24.7 0,2431 0.2454 0.2483 0.2506
28.3 28.3 0.2431 0.2454 0.2482 0.2504

Linear 9643 0 0 0.2389 0.2423 0.2477 0.2503
0 30 0.2449 0.2472 0.2499 0.2515

0 35 0.2440 0.2464 0,2494 0.2512

0 40 0.2432 0.2459 0.2493 0.2511

30 0 0,2420 0.2457 0.2496 0,2512

35 0 0.2414 0.2449 0,2489 0.25b07

40 0 0.2410 0.2444 0.2488 0.2510

21,2 21.2 0.2425 0.2447 0.2473 0.2496

24,7 24.7 0.2425 -0.2446 0.2470 0.2493

28.3 28.3 0.2427 0,2447 0.2472 0.2497

Circular 5320 0 0 0.2357 0.2391 0.24863 0,2495
0 30 0.2429 0,2457 0.2490 0.2509

0 35 0,2442 0.2469 0.2498 0.2514

0 40 0. 2449 0.2474 0.2500 0.2513

30 0 0.2410 0.2441 0.2482 0.2504

35 0 0.2417 0.2448 0.2489 0.2508

40 0 0.2426 0.2456 0.2493 0.2508

21,2 21,2 0.2428 0.2456 0.2495 0,2517
24.7 24.7 0.2438 0.2465 0.2502 0.2522
28.3 28.3 0.2434 0.2461 0.2497 0.2517
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Table 13. (Cont.)

Wavelength Half Half

Polarization (&) 91 0 9 Centroid area Peak  maximum
Circular 6943 0 0 0.2392 0.2426  0,2481 0.2505
0 30 0.2440  0,2465  0.2495 0.2512

0 35 0.2438  0.2463 0.2493 0.2510

0 40 0.2438 0.2465 0.2496 0.2513

30 0 0.2433  0.2462  0.2492 0.2507

35 0 0.2424  0.2453  0,2485 0.2502

40 0 0.2416  0.2446  0,2482 0.2502

21.2 21L.2 0.2438 0.2466  0.2501 0.2519

24.7 24,7 0,2435  0.2461 0.2496 0.2516

28.3 28,3 0.2434  0.2460  0.2497 0.2518
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Table 15. Centroid range correction vs. velocity aberration. The average and rms deviation
are computed around a circle in the far field whose radius is the velocity aberra-
tion listed, in microradians, in the first column. Table 15-1. Linear polarization.

DIHEDRAL ANGLE «75 WAVELENGTH 5320

AVERAGE RANGE CORRECTION (METERS)

0 «2403 #*

5 «2390 *

10 «2370 #*

15 « 2389 , . *
20 22424 #
25 w2427 - *
30 22416 *
35 22412 *
40 « 2409 *
45 «2393 #

50 «2370 #*

R.M.5. FLUCTUATION

0 0.0000 *

5 20004 %

10 0028 *
15 0038 #*
20 0016 *
25 0011

30 L0012

35 «0009 %

40 20010 =

&5 - 0015 *

50 0020 *
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10
i5
20
25

35
40
45

10
15
20
25
a0
35
40
45

#2352
«2332
2319
22376
2412
a2412
e 2412
a2423
« 2428
2422
02411

0.0000
20009
0044
.0028
0013
«0018
0020
0015
+0010
0008
~0010

* A %

Table 15-2, Linear polarization.

DIHEDRAL ANGLE 1.25 WAVELENGTH ~ 5320

AVERAGE RANGE CORRECTION (METERS)

RaM.5, FLUCTUATION
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10
15
20
25
30
35
40
45
50

10
15
20
25
30
a5
40
45
50

-2314
#2273
«2266
2348
«23R0
«23R1
«2396
«24%17
22425
a2428
2429

. 0000
0008
20027
0007
0004
,0012
.0017
0014
.0012
.0012
0013

* ¥ * X

Table 15-3. Linear polarization.

DIHEDRAL ANGLE 1.75 WAVELENGTH 5320

AVERAGE RANGE CORRECTION

R.M.5. FLUCTUATION
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(METERS)

%k %



10
15
20
25
30
35
40
45
50

10
15
20
25
a0
35
40
45
50

Table 15-4. Linear polarization, mixed dihedral angles.

«2372
«2385
a2341
«2383
« 2418
«241R
22416
a2h22
2824
2417
« 2409

0000
20006
0031
-0024
0010
0009
L0011
.0008
0008
0010
20015

* 3k %k k& % Xk

DIHEDRAL ANGLE 1.25 WAVELENGTH 5320

AVERAGE RANGE CORRECTION (METERS)

R.M.S5. FLUCTUATION
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10
15
20
25
30
35
40
45
50

10
15
20
25
30
35
40
45
50

« 2417
« 2410
«2394
«2383
« 2401
w2428
2437
» 2430
2417
22408
#2402

0.0000
«0002
20011
.0027
»0029
0016
20010
0009
20009
» 0009
«0013

* %k %k ok %

Table 15-5. Linear polarization.

DIHEDRAL ANGLE 75 WAVELENGTH

AVERAGE RAMGE CORRECTION (METERS)

ReMaSe FLUCTUATION
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6943



10
15
20
25
30
35
40
45
50

10
15
20
25
30
35
40
45
50

22389
o 2380
a2362
223867
2390
al2h22
22829
02423
w2419
02422
2426

0000 #

00004 *
0020

. 0045
20037
«0019
20014
«0018
20016
.0013
0009

Table 15;6. Linee;.r polaﬁzaﬁén.
DIHEDRAL ANGLE 1.25 WAVELENGTH 6943

AVERAGE RANGE CORRECTION {METERS)

R.M.5, FLUCTUATION
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X R ok



10
15
20

30
35
40
45
50

10C
15
20
25
30
a5
40
45
50

2331
«2309
a23726
«2382
22411
a24lé
w2411
« 2415
a 2426
a26433

0.,0000
"o 0005
20029
« 0045
«0023
20011
0012
.0019
0021
«0016
0012

Table 15-7, Linear polarization.

DIHEDRAL ANGLE 1a75 WAVELENGTH 6943

AVERAGE RANGE CORRECTION (METERS)

* % F %k

ReM.5. FLUCTUATION
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10
15
20
25
30
EL]
40
45
50

10
15
20
25
30
35
40
45

Table 15-8. Linear polarization, mixed dihedral angles.

+2397
22388
«2370
a23865
+2395
al2B25
2426
a2421
22422
22423

0000
«0003

w0016
. 0035

20029
~0013
0009
0009
0010
0008
0008

% ok ok R % %

DIHEDRAL ANGLE 1,25 WAVELENGTH 6943

AVERAGE RANGE CORRECTION (METERS!

R.M.So FLUCTUATION
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*

% %k %k %



10
i5
20
25
30
35
40

50

10
15
20
25
30
35
40
45
50

~ 2406
22352
-2378
22403
02431
e 2431
2418
22413
22409
af3G4
02372

0.0000
20002
0003
0005
0008
. 0008
20011
20018
20017
-0018
« 0020

d* E % X

# ok ko

Table 15~9. Circular polarization.

DIHEDRAL ANGLE e TS

AVERAGE RANGE CORRECTION

RaM,5. FLUCTUATION

134

WAVELENGTH

(METERS)

5320



10

20
25

35
40
45
50

10
i5
20
25
30
35
40
45
50

«2386
22336
«2333
2 23RT
st LR
c24lR
2418
a2b27

02430 %

224237

et

52412 -

0.0000
0002
20004
<0007
0008
,0007
- 0009
20011
.0012
0014
0017

E 3

% ok ok ¥ %k Kk K

Table 15-10. Cirelilarpolarizationy::

DIHEDRAL T ANGLEYAL 425 27 , WAVELENGTH

5320"

AVERAGEZRANGE! CORRELT IONI (METERS)Y -,

u f'%'s

R. M5, "FEUCTUATION -
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Ao

HE R
A s
P
WY

FESE .

s 0G0

Ay
PSR4

Y40,

S LiG0,

& 300 o

000,
THGD,
it

a0,

oo
Ty Mw e



10
15
20
25
30
35
40

50

10
15
20
25
30
35
40
45
50

2321
22279
« 2271
«2349
«2382
« 2385
22401
2421
2429
£ 2431
o 2431

0,0000
.0004
20007
0011
0005
0006
0007
.000%
«0011
0013

* *

% % & % %k

Table 15-11. Circular polarization.

DIHEDRAL ANGLE 1475

AVERAGE RANGE CORRECTION

RaM.5, FLUCTUATION

136

WAVELENGTH

(METERS)

5320



10
15
20
25

s
40
45
50

10
15

25
a0
35
40
45
50

-2378
s 2361
22351
22350
22420
o242l
22420
22426
22426
L aN:
22410

0.0000
.000s6
0009
,0011
20012
-0011
20011
2(013
004
20015
«0018

ok % ¥ ok ok ¥ & X

Table 15-12. Circular polarization, mixed dihedral angles.

DIHEDRAL ANGLE 1,25 WAVELENGTH 5320

AVERAGE RANGE CORRECTION (METERS)

RoMaSe FLUCTUATION
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10
18
20
25
30
35
40
45

10
15
20
25
30
35
40
45
50

22419
s 2412
«23g8
o 23091
a2411
2434
02440
22432
a241R
« 2408
« 2402

0.0000
.0001
.0003
.0004
.0005
.0007
.0008
.0009
.0012
.0016
.0019

%k % % ok

F % s ok

Table 15-13. Circular polarization.

DIHEDRAL ANGLE 75 WAVELENGTH

AVERAGE RANGE CORRECTION (METERS)

RoM,5, FLUCTUATION

138

6943



10
15
20
25
30
35
40
45
50

10
15
20
25
30
35
40
45
50

22392
2383
« 23468
22372
2405
« 2430
« 26434
b 2623
L2425
al827

0.C000
0001
L0003
L0004
0004
.0008
- 0008
- 0009
0011
L0014
ﬁoolé

F oW vk %

¥ % ok o% &k ok

Table 15-14. Circular polarization.

DIHEDRAL ANGLE

AVERAGE RANGE CORRECTION (METERS)

RBMBSG

139

1.25 WAVELENGTH

FLUCTUATION

65943

oo ok



10
15
2u
23
30
35
40
45
50

10
L5
20
25
30
35
40
45
50

02349
e2335
+2316
«2340
e 2390
e 2416
02420
02417
e 2421
s l43]
e 2%36

00000
20002
+ 0003
+0005
+ 0008
« 0008
2+ 0007
20007
« Q009
20011
a0011

¥
*
#*

L A

Table 15-15. Circular polarization.

DIHEDRAL ANGLE

1275 WAVELENGTH

AVERAGE RANGE CORRELTION

ReMeSa

140

FLUCTUATION

(METERS)

6943



10
15
20
25
30
25
40
45
50

10
15
20
25
30
35
40
&5
50

«2399
2350
w23 ThH
- 2%30
. 2435
2429
al&24
L lh24
L2425

0.0000
L0004
L0007
0008
L0011
L0010
.0011
L0014
0016

* ¥

E R A

Table 15-16, Circular polarization, mixed dihedral angles.

DiHgiRAaL ANGLE 1.25 WAVELENGTH

AVERAGE RANGE

R.M.&,

CORRECTION

FILUCTUATION

(METERS)

6943

*

¥

* od ok X



Circies of Tadiug 32 and 41 prad are shown ta mark
Table 11 lists the range correetion corresponding to the e Ts
avelength X ave given for each ligure. Figire 10-1.

Figure 10. Centour pleis of ile centroid range correction matrices given in Table 14,

the minimum and maximum values of the velocity aberration.
used Lo mark each contour. The polarization,dibedral angle offset b, and w

Linear polarization, 6=0v75 X = 5320 X,
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Tigure 10-14, Circular polarization, & = 1125 (mixed dihedrai angles), % = 6943 A.
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11. EFFECT OF OPTICAL COHERENCE

The range corrections given in Section 10 were derived by adding the intensities
of the reflections from each cube corner to construct the return pulse. Since slight
changes in the direction of illumination of the satellite give different phase relation-
ships among the reflections from individual cube corners, the shape and strength of
the laser echo from Lageos varies frora puise to pulse when the individual reflections
are added coherently, The variation of the return energy is described by the Rayleigh
distribution. The effect on the range correction for various pulse lengihs and pulse
detection methods has been analyzed by constructing a set of cohereni returns by using
a pseudo random number generator to assign phases to the individual reflections. It
can be shown mathematically that the incoherent centroid range correction is the
average of the coherent centroid range corrections when sach pulse is weighted by its

intensity. This result is only approximately true for other pulse deteciion methods,

Table 16 gives a statistical summary of the set of cohereni range correcticns
constructed for three different pulse lengths. The table iists the coherent average
muinus the incoherent value {A), the standard deviation of an individual pulse (o), the
number of coherent refurns in the sample (N}, the standard deviation of the average
(gm = g/¥N), and the ratio of the difference A to the standard deviation of the mean
{arm)., The last column is a measure of the statistical significance of A, The varia-
tion of the range correction (o) due to coherent interference increases as the pulse
length increases, and reaches a value of about 40 mm for the Zi-usec pulse length.
The greaiest variations occur for the weakest pulses. When sach return is weighted
by iis intensity, the standard deviation of a pulse of average ensrgy is found to be on
the order of 10 mm. For long pulses, the return pulse shape is neacly the same as
the transmitted pulse shape. As a result, there is no difference beiween the range
cerrection for different pulse detection methods and no biag i the average ccherent
range coryection. For the shortest pulse length (0.2 nsec), there is a smell but
statistically significant bias in the coherent average for all pulse detection methods,
which is made possible by the asymmetry of the contributions to the return along the
line of sight. Weighting by signal strength removes all the bias for centroid detection,
most of the bias for half-area detection, and a tittle of the bias for nalf-maxinnns

detection.



Table 16. Difference between the average range correction for a set of coherent
returns and the range correction for the incoherent return. The pulse
length is in nsecs; A, o, and ¢y 2T in mm.

Pulse
length A ‘ iy N T A/crm
Centroid, Equal Weighting
0.2 -2, 16 8.67 400 0.43 -4, 98
5.0 0,09 26.07 1000 0.82 0.11
20.0 -2.01 37.17 1000 1,18 -1.71
Centroid, Weighted by Signal Strength
0.2 0,04 7.08 400 0,35 0.11
5.0 0.02 10.81 1000 0.34 0.07
20.0 ~0.23 11.34 16006 0.36 -0.65
Half-Area, Equal Weighting
0.2 -2, 55 10.07 400 0.50 ~-5.06
5.0 0,02 28,27 1000 0.89 0,02
20,0 -2.16 40,17 1000 1.27 ~1.70
Half-Area, Weighted by Signal Strength
0.2 -0, 82 7.72 400 (.39 ~-2.12
5.0 ~0.01 10.81 1000 0.34 -0, 02
20,0 -0,24 11.32 1000 0,38 -0.68
Half-Maximum, Equal Weight
0.2 -3.47 9.84 400 0,49 -7.06
5.0 0,34 26.78 1000 0.85 0,40
20.0 -2,43 44, 82 1000 1.42 -1.72
Half~-Maximum, Weighted by Signal Strength
0.2 -2. 54 6. 93 400 0.35 -7.33
5.0 -0.16 10,51 1000 0.33 -0.48
20,0 -0.29 11,27 1000 0.36 -0.82
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Figure 11 gives some sample cohevent and incoherent pulse shapes for three
pulse lengths. Only one coherent return is given for the 20~ and 5-nsec pulse lengths
since the effect of coherent interference is primarily a displacement of the pulse
rather than a distortion of the shape for long pulses. Ten sample coherent pulses are
given at 0.2 nsec. The position, in meters, listed in the first column of Figure 11,
is measured with respect to the center of the pulse that would be received from a
point reflector at the center of gravity of the satellite. The intensity in the second
column is in normalized units such that the area under the curve is equal to the signal

strength in equivalent number of cube corners at normal incidence.
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5.8485
&,0435
6.1985
46,3534
6,5084
5,.6633
6.8193
6.9733
7.l2a2
7.2832
T.4h382
T.55831
7.7401
7.5030
g.0sac
a.213n
8.3679
8.522¢
8.6778
8.8328
8.5878
9.1427
9.2977
94527
9.6078
g.7628

INTERSITY

#0014
2001+

008

.826d

7042

6216

IR RS

IR R EER]

EEERE R

IR RS

20. NANDSECOMD PULSE

Figure 11-2.
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POSITION IRTENSITY
LHMETERS!

-Z+0151 0026 %
«ITHE 20036 #
+ 9345 40048 »
8942 0056 #
«B53% L0074 »
«8136 0093 &
#7733 TS T
«7330 0145 *
=l 6927 L0160 *
~leb524 0223 %
-L,.6121 0275 =
ul.5718 0338
-1,5315 J04ks o«
=l.4512 0504
L4509 L0852 &
~t.al0s L0740 &
~1.3703 L0891
-1.2300 1069
~i.2897 L1277
ci.2654 1520
~1,2091 L1pol
-l.leasn L2128
=f.l2as L2698
-1.0882 L2927
-1.0479 W34la
=1.0074 -3564
-.5673 L4505
~.9269 5289
. BBEG 5071
~.8453 L6941
-.8050 1904
~TE5T B985
1254 1.0128
~.56851 1.1397
—abbhE 1.2772
25045 1,4257
-.5842 1.5A52
~.5230 1.755%
- %B3& 1.9361
—a®433 2.4270
- 4030 2.3274
-a3627 2.5165
-a3224 2.7534
-.2BZ1 2,9764
=a2418 3,2057
-.2015 3.4384
~.1612 3.6732
~.120% 3,908%
-.0a08 4,1422
~a0403 4,3724
o000 4.5971
0402 4,B8140
L0804 5.0210
21205 5,2161
WAtz 5.3972
L2015 5.5621
W24ls 5.7095
.2821 5.8375
23224 5.9444%
3627 £.0292
L4030 &.090E
L4432 &.1285
L4836 t.14le
5235 "6.130R
25642 6.09%3
6045 6,035R
WHRER 5.6531
«685} 5.8481
27254 5.7221
7657 5.5745
. 8050 S.el2g
8453 5,.2332
L0865 $.0392
9249 4.8332
L9673 4,6170
1,Ga7e 4.3930
1,0475 & 632
1,0882 3.9296
1.1285 3.6944
l.leas 3.4594
12051 3.226%
l.24%4 2.9972
k2897 2,773
1,.3300 2.5555
£,3703 2.3457
1.4108 2. 1444
i.450% 1,9527
14952 1.7790%
1.53i5 1.5997
1.5718 1.4353
1.6121 1.2n9R
1,6524 11512
1.6927 1.023%
1.7330 L9062
1.1733 T892
1,813 L7021
1.553¢ J6l42
1.6942 L5363
1,4345 T
1.9748 #4016
2,015] 3454
2,0554 2966
2.0957 L2532
2.1340 L2155
2.1763 .-
242168 .1541
2.256% #1295
2.2972 L1005
2.33%5 L0005 x
23178 0752 »
2.418% 0822
2.4584 0502 »
2,4987 YT
2,5390 03456
2,5753 0280 #
Z.615858 0227 »
2.659% L0183 »
2,700z 0147
2.7405 .01la =
2.7808 L0694 #
2.8211 L0675 »

5. HANDSECOND PULSE

Figure 11-3
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POSITIgh INTFHSITY 5, NAHOSECDHD PULSE COHERENT RETURN
{METERS) .

~2,015% 0124 w
-l.9748 D159 «
=1.9345 0203 »
~b.B9az 0257 &
~1,8539 20325 w
~1.8134 L0410 &
~1,7133 L0514 »
=1,7330 D64l &
-1,6927 ~O7TR &
=1.6%24 0989 &
=1,6121 21220 »
«1,5718 lage »
-1.,521% PRN; =T
~1,6g912 «2238
~1,6506 27lR
«1,4108 432BR &
~1.3703 «3981  »
~1,3300 #4153 *
~1.2897 5481 *
~1.2494 “&T63 *
~1,2091 L) L]
=1.1688 49469 *
~1,12a% 1,113 L3
=1,0882 1,3048 "
=1,0479 1.5224 L]
-1.0078 l.7456 -
~.8673 2.0485 *
8268 2.36l% »
~. 0066 2,7123 *
- 8463 3,1023 »
o AOGD 3,5343 L]
-2 TH57 4, 0104 "
= T254 4.5324 *
= 6851 5.1020 [
wabhGR 5.7202 *
w5045 6.3878 [
~a5b42 Tal043 "
5239 7.8709 *
v k838 B.&BAT »*
4433 9.5445 ”
- 4030 16,4474 #*
- 3627 11,3005 *
wa3224 12.3590 -
~.2B21 13,3780 *
-2hlE 14,4117 L]
-a 2018 15,4432 »
- 18612 14,5253 ®
w1209 17.5900
-.D0%s 18,6406
0403 19,6929
.ooor 20,1109
0403 2L.6957
0808 22.6364
L1209 23,5242
21812 26,3490
22015 25,1023
22410 25,7157
22821 26.36ls
23224 28.8532
3827 27,2452
~#030 27,5322
a4433 27.7415
kL Z7.7a07
5239 27,7390
5642 27.5889
w5045 27,3262
aba4g 26,9600
6851 26,4924
w7254 25.9295
.T657 25,2772
8060 26,5430
563 23,7350
3866 22,0621
9269 21_933%
«5673 20,95R7
1.0076 19,9473
1.0479 i8,908y
1.0g82 17,8532
i.1285 £6,.7891 L]
1,1688 15,7255 ®
1,209} 16,6705 *
1.2494 i3,63l7 L3
1,2897 12,6160 *
1.3300 1l.6293 *
1.3703 10,6778 *
1,410 9.7437 L]
1.4509 8.892q *
1.4912 B.0674 *
1.531s5 T.2893 »
1,5718 &.5600 *
1.6121 5.6501 L]
1.a524 5.,2497 L]
1.6927 4. 66D2 *
I.7asc 4.1343 "
1.7133 3, 6472 "
I.gl3s 3.2045 *
L1.8539 2.8043 *
1,8942 2,44463 »
1.934%5 2,122 *
1,9748 1,834 »
2,0151 1,5802 *
22,0554 1.355¢ *
2.0957 1.1582 *
2,1360 J9R5b *
2.1763 B354 *
2,2184 7052 L]
2.4569 L5930 *
2.2972 PCLTT
2,3375 JHEA2  w
2.37718 =TT S
Z.41B1 JZBAK W
Z.4584 22347
204987 19327 »
2.5390 1575 »
2,5793 1283 #
2.6198 L1041 w
2.659¢ 20841
2.7002 0676
2,T405 20542 %
2,.7808 20433 »
2,821 0364

Tigure 11-4,
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POSTYIOR INTENSITY .2 HANOSECOND PULSE TNCOHERENT RETURN
{METERS) .

. 195C 000D =

. 1986 L0000 »

.2022 0000 »

.2058 L0000 »

42094 L0001 »

L2131 L0001

WR187 L0002

2203 L0003

2239 20005 =

2275 20007 &

L2311 -aclz =

2347 LO01R

L2383 LA0En a

w24ig L0042 »

22456 L0063 »

L2092 0092 &

«252R L0132 &

L2564 JOLET

L2600 L0260

w2638 L0357 »

L2872 0482 %

L2708 054z »

2704 ~ORAZ &

L2701 .l0Bs

2817 -13B7 =

.2853 LThs

.2889 2162 *

.292% L2606 &

#2961 L3155 »

.2997 a1z »

23033 LH6GG B

.306% L5240 &

3108 «6053 &

3142 -6926

L3178 “TREG &

L3218 -BBT? %

L3250 LH9TT K

L3286 1,110 »

L3322 1,2511 =

«3358 1.4002 &

«3390 1.566R =

23431 1.7608  »

23467 1.9a03 »

23503 2.2314  »

43639 2,5180 L}

L3575 2.843% »

L3611 3,211 L]

L3647 3,6234 3

3683 4.0R32 *

.371% 4.5931 3

3756 5.1585 =

3792 5.7775 *

3828 6.4610 &

J3BbE T 2182 »

.3900 a.04%6 ~

L3938 8.9724 L]

L3972 9.9967 *

400¢ 11,1351 *

LTS 12,4052 »

L40n1 13,8199 ]

L7 15,3973 *

4153 17.1558 .

4180 19,1154 »

AH225 21,2999 *

4261 23.7354 ®

4297 26,6523 *
44333 29.4R5% )
4359 32,8687 *
« 5408 36,6420 *
JHhAh42 40,8384 "
JA4TR 45,6843 »
L9514 50,5925 L]
L4550 54,1561 »
L4506 82,1413 )
L4622 60.4A27 -
L4558 75.0785

YT al.7950

6733 88,4379

L4167 94 8173

L4003 1005958

L483q 105,8307

L4875 109 9826

atgll 112.9315

JA94T 114.4943

%983 114_5397

25019 113,0010

5056 109,846

5092 105,27122

.512n 99,3172

25164 92,2357

5200 84,2911

5236 15,7158

LHET2 66,9910 *
5308 58,2270 .
«5344 49,7447 "
L5381 41,7628 *
LS4LT 34,5483 *
5453 27.9127 »
5489 22,2138 »

L5528 17.3608 .

«55&1 13,3225 .

5597 19,0374 *

.5633 T.4235 #

5659 5.389% ]

5708 3.840a [

L5742 Z.,6862 %

5718 Loa4ed7 &

L5814 t.2418

L5850 L8206 »

J588¢ L5323

5022 L3387 &

.5958 L2115 «

5994 1285 »

.5033 JO77A »

L6067 «045g »

L6103 0265 »

L6139 L0151 »

26175 L0684 #

L6211 L0048 =

6247 0024 »

L6283 L0013 &

Figure 11-5.
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PosITIoN INTENSEYY 22 HANDSECOND PULSE COHEREHKT RETURR
(METERS) .

. 1950 0000 %

.l9ns L0000 »

L2022 -0000 &

2058 0000 »

2094 L0001 »

L2131 20001 »

JE16T 0002 n

L2202 L0004 &

-2239 0008 »

22275 L0010 w

J2311 LO0L7 »

2347 20027 #

2383 L0041 »

«241la 20062 #

. 2456 L0093 »

2492 L0138 »

«252R L0195 =

2584 #0276

.2600 0378 »

22636 0582 &

2872 0677 &

«2708 <ORTB »

2704 L1114 &

2781 »13B2 =

L2417 JJaT4

L2853 21877 »

28889 22275 #

L2928 2584 #

L2061 -2758 %

£ 2957 «2RBG &

3033 2512

3069 «2R04 u

3108 22562 #

L3142 -21BB =

L2170 #1710 &

3214 L1178 »

3250 D859 »

+328e 0280 »

3322 JOLEG »

3358 0328

3394 L1005 »

«3431 2264 #

LYy JaLkBA »

.3503 8792

23635 1.0077 w

« 3575 t.3969 ¢

43811 1.8355 »

23647 2,3088 »

+3603 2,7999 *

3715 J.2945 »

3758 3,702 *

3792 4,2625 *

.3826 4 T452 "

23054 5.2565 L]

23500 5.8401 L

. 3936 &.5506 *

3972 7.492% L3

»400g B.7402 #

L4044 10,4100 *

LA0BL 12.6107 .

4ll7 15, ,4R25 *

+H183 19,1095 L]

LAlAg 23,5513 £

L6225 28,9948 *
2A261 35,3850 *
L4297 62, 6654 ]
4332 50.8%4¢4 *
24369 59.9420 "
L4048 65,6060 *
TTY] 79.9570 *
WG48 90,5519 "
La5la 101.2406

4550 il rely

4585 121.8810

waB22 131.2997

«4658 139,7434

24694 1470214

L4731 152.8451

WUTET 157,0384

24003 159, 4462

4039 159,9637

24675 156,5437

L4511 155,2023

LAR4T 150,921n

L4983 143, 1497

.501g 134 7944

5056 125,2154

.3092 1la,7122

5128 103,605

L5164 92,2247 *
L5200 50,6847 *
5238 69,8743 L]
25272 59,4405 ®
5308 49,7797 L
25344 41,0323 »
5381 33.282% L]
<5417 26,5594 *
L5653 20.p488 *

5489 16,0960 *

L5528 12.2201 *

.55¢1 9.1220 *

5597 66945 %

5633 4. 0295 *

IS-1.Y-1] 3.4248 ®

25708 2,3p8R =

5742 L.a34E &

5778 1.1004 &

5814 7270 *

5850 #4730 ®

5808 3020 »

5922 =18%5 %

5958 LEl16A &

L5994 0707 »

25031 J0621 »

28087 20248 %

L6163 0151 &

6139 2O079 #

45175 L0464

5211 SO024 »

+5247 L0013 »

L5283 20807 &

Figure L1-6.
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PosITIgH
(METERS)

.l950

INTENSITY

0000
0000
0000

FAIERFRA XD TE R F R AR AR A BB RS E SR TR AR T I DX

AEAARFR R IR AL L B E DX

.2 HANOSECOND PULSE

Figure 11-7.
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FosITlon
{HETERS)

INTENSITY

0008
000D

L0607

R E R E L ERERE NN

AEE TR ERERAD RIS

ER R

LR

+2 BAHOSECORD PULSE

Figure 11-8.
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POSITION IMTENSITY «2 HAKOGSECOND PULSE COKERENT RETURN
(METERS)

1950 L0000 »

loBe .0000 w

2022 L0000 #

2058 0000 »

+2094 0000 =

«2121 L0001 %

2157 20001 »

2203 L0002 =

2239 L0003 =

22215 »0005 »

L€311 L0007 &

2347 0CGIC &

.2383 0015 =

«2419 20020 #

22456 0025 =

2492 L0030 %

2528 L0050 »

2564 0065 #

+ 2800 0082 =

2636 20102 »

NISH 0124 »

27108 JO0L48 w

L2704 L0173 %

2781 L0201 =

.2817 0230 »

2853 L0262 »

2885 L0299 =

22925 AELER S

2961 L0399 »

2997 0473 &

3033 J087T #

23069 0725 %

L3308 5939 »

L3102 L1247 &

23178 1690

£321% .23l9 »

#3250 <3159 =&

3786 LHal0 %

L3322 26042  w

3358 -8194 &

3394 F.0964 #

«3431 P.4442 w

+3467 1.B695 "

L3503 d.3753 L]

3539 2,.959R *

13575 3.6l4R "

23611 4,3258 %

L3647 5.0705 »

3683 5,8222 ”

23719 6.5490 ]

«3756 T.2179 [

3752 T.7976 *

L3828 8.2620 *

L3864 8.5936 *

L3500 B.785% *

«393¢ B.8A35 »

=3972 B.7R4R8 ®

] B.8373 *

4044 B.4355 .

L4081 8,2170 L]

Waii7 9.0174 »

A4i53 7.8685 L

4189 7.7036 &

4225 7.8109 a

ah2hl 7.9350 #

AH29T 8.la22 L]

L4333 a.5031 *

PLELL 9.1a05 ]

LGa0E 10,0465 *

T H 1i.2a09 L]

5578 13,0112 L]

JA514 15,3862 *

4550 18,5815 "

5586 22,6812 L
L4627 27,8555 L]
LH658 34,1359 *
YY1 41,4947 *
4731 49.800F "
24767 58.A535 b
4803 60,3065 *
L4839 77,7866 N
L4875 86,7774

L4511 G4.8566

LADET 101,585

« 4963 106,546

5015 109,462

L5056 110,159

.5052 108,639

JSl2p 104.9K17

Sles 99,4277

5200 92,305¢

L5238 84,0130

5272 Th.GTHS

.5308 65.61l6 *
5344 56,310q "
L53RY 47,4012 »
J561T 39,1386 * '
45453 3i.700¢ L3
5489 25,1891 *
+5525 19,6359 »
+5561 15.0177 "

5597 11,2691 L]

25633 8.2565 *

+ 50669 5.9938 *

5704 4, 2484 *

#5482 2,954k L3

L5778 2,0185% L]

L5814 1.3503 «

5850 8872w

1:1T 5720 &

5922 348l =

= 595H 2245

5994 L1386 =

L6031 0AlT %

L6067 068 =

256102 0276

28135 0156 =

#6175 0086 ®

L6211 0047 &

G2t 0025 &

5203 L0013 x

Figure 11-9.
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POSITION
{HETERS)

INTERSITY

Melilsh]
L0000
L0000
L0000
» 0001
000}
0002
0004
0007
2001t
L0018
.002¢
L0045
L0072
.0109
0l84
0247
.0350
L0500
L0707
20970
1319
1767

L0334

000y

I EE R R R R R R L E E R E R R TN

I EREEFEREEELEEEREE]

LERER TS

EE R EREE R EIEE R

«2 HANOSECOND PULSE

Figure {1-10
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PosITIoN
(METERS)

THTENSTTY

G000

P S s s s X T E R E R R R R R R R i

PR E RN ]

I EEEEE N EEERE RN

.2 HANDCSECOND PULSE

Figure 11-11.
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POSITION INTENSITY .2 RANDSECOND PULSE CCHERENT RETURN
(HETERS) )

1850 L0000 »

.1986 .0D00 «

2022 L0000 »

2058 0000 »

L£094 L0000 »

L2131 L0001 #

“E167 000} »

L2203 ,0002 =

.2239 L0004 »

«2275 0005 »

L2311 L0010 »

#2347 40015 =

#2383 0023 »

241G <0035 »

$2458 L0051 #

2492 L0074

2528 L0106 »

256k 20144

2600 20198 »

2635 0261w

J2672 L0341

L2708 D437 5

2Thé L0567 #

L2781 0672 #

L2817 .0aba »

2853 JOghg &

«ZBE9 21090 »

22925 1223

=2941 .1330 »

»2697 41430

LA032 1489 &

A06n L1510 &

L3104 L1481

23162 1639w

3178 1357 »

23214 265 &

3250 21181 »

3285 1128 »

L3322 L1132 #

3358 L1220 #

+2394 W16l a

»2431 21720 a

L3407 L2151 w

.3503 24698 #

.3539 .3340 &

L3575 Ja046 #

W3611 JATT2 ®

WI64T 5470

L3683 L5008 %

L3710 6577

.3756 +5B9B B

«3792 27023 »

3828 L6943 ®

43864 G657 »

.3900 6224 #

L3538 5656 &

LJa972 L5023 &

L4008 430G #

045 23R30 »

L4021 «3431 %

WA117 L3294 »

L4153 L3577

4189 LAkBE *

L4225 L6352 *

4261 49669 w

14297 1.5142 =

4333 2,3743 n

4365 3.4T47 *

4408 5,5740 »

L4462 8.25%1 ®

24478 11,9384 *

J4514 16,8289 *

L4550 23,137h -
4586 31,0408 #
J4622 49,6549 "
JBSH 52,0162 »
JHBGG 65,0437 »
47TH 79,5422 *
hr67 95,1732 [
L4803 111,4569 *
4839 127,836

L4BTS 43,6140

A5l 158.0ala

4567 170.5357

44983 1303349

5010 186.9573

L5054 90,0440

+5092 189.4355

5128 105.177u

5164 177.5256

5200 166,9137

5238 153, 9184

5272 139,207%

L5308 123,483

5344 107,4295 »
L5381 9Ll. 44655 »
N-13% T6.7096 L]
.5453 62,0575 L
25489 50,6740 *
.5525 40,0014 *
#5561 30,5663 *
5597 23.5086 *
.5633 17.501s *

5660 12,7773 *

5706 Y.1874 "

5142 6.6218 *

L5778 4,6208 %

#5814 2.0842 »

5850 L.9753

5886 1,2R21 »

+5522 JB159 x

5352 5092 #

L5994 3lls

L6031 Jla6g &

L5067 21100 »

#6103 L0836 #

0134 0359 2

26175 JO199 »

Lb2L1 D108 #

24T L0058 *

6283 LON30 »

Figure 11-12.
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POSITION INTENSITY «2 HANDSECORD PULSE COHERENT RETURK
{METEHS! .

«1950 +000C *

21986 +0000

.2027 L0000 &

42058 L0000 »

L2094 L0001 *

L2131 L0001«

L2167 L0002 »

#2203 L0003 &

2239 0006 &

.2275 L0009 &

L2311 0016 &

Y2307 0026 »

L2383 L0041 &

L2619 L0065 »

L2456 L0102 «

L2692 L0157 »

2528 0237 »

L2566 20353 »

L2600 J0517 &

2626 0748 »

2672 L105C =

L2708 L1680 »

2744 L2038 #

12781 #2154 &

L2817 L3668 @

+2853 L4RO7 #*

+2889 6203 *

2925 LTRTQ *

2961 9857 #

2997 1.2148 *

.3033 1,474% »

.30bg 1.7850 »

L3108 z.0A32 *

<3142 2,425% L

3178 2.7887 #*

3214 A.16686 *

L3250 3.5562 *

3286 39461 »

L3322 4.3374 »*

L3358 64,7238 2

.3394 5.101% »

L3431 §.4891 L]

L3457 5.8258 *

L3503 &6, L7125 %

+353g 6.5113 »

L3575 4,B482 "
L3611 T.l824 [
3647 T.5267 "
.3683 7.8RT3 "
.3719 8,2740 *
3756 6.6978 L]
#3792 5.1709 "
.3828 5.7085 *
43864 10.31%a *
L3900 11,0175 ” .
«3935 1l.a181 )
3972 12,7204 *
L4068 13,738 *
L4045 14,8430

L4081 15,0409

4117 17,2961

JH153 16,5710

JAllg 19,8155

L4225 20,9701

4261 21,9884

£4297 22,7417

L4333 23.2246

L4360 23,3609

L4408 23,1092

Labh2 22,6458

4478 21.3p26

LJ45k4 19.9389

24550 18.170&

L4588 16,1515

4622 13,9715 x
Jh6%58 11,7288 A
4894 9,.521¢6 *
2%731 Ta.44l4 "
4787 5.5649 »

L4803 3.9484 "

+4B3g 2,6265 *

el 1.6089 L]

W5911 BB4Z #
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12. ACCURACY OF RESULTS

Individual range measurements to the Lageos retroreflector array can vary due
to a number of factors.. Some variations are random and some systematic. The
design goal accuracy of £5 mm refers to systematic errors since truly random errors
can be averaged out in analysis. In practice, photon quantization at the detector is
the largest single source of random noise and depends on signal level and pulse length.
For example, a single photoelectron return gives an rms range variation of 1. 3, 6.3,
and 0,013 m at pulse lengths of 20, 5, and 0.2 nsec, respectively., The largest single
source of noise due to the satellite itself is coherent interference among the reflections
from individual cube corners, which produces a noise of about 1 c¢m at the pulse
lengths considered if weighting by signal strength is used (Section i1}, In principle,
if the pulse length were shorter than the distance between cube corners along the line
of sight, there would be no coherent interference. Calculating the return signal so
that the range correction can be determined requires knowing the position and reflec-
tivity of each cube corner contributing to the return. The range correction at a point
in the far field pattern is a function of the intensity of the diffraction pattern of each
cube corner at that point and the position of the cube corner along the line of sight,
The positions of the cube corners on the satellite and the variation of the configuration
of the cube corners from different viewing directions contribuie an uncertainty of about
on

I mm (Section 7). The primary source of systematic errors in 1puting the range

o

:_3

correction is the variation of the range correction with position in the far field, The
magnitude of the effect for Lageos can be seen from the range contour plots in Figure 10
of Section 10. In an attempt to estimate the effect of manufacturis ng tolerances on the
range corvrection, calculations have been done for dihedral :ugse oifsets of 0,75, 1.25,
and 1.75 arcsec, The uncertainty in the offset is one of ¢ e primary mamufacturing
tolerances to be considered, Other factors affecting the far fisid pattern are surface
curvature, material inhomogeneities, and thermal gradients that produce refractive
index gradients. Optical testing of the cube corners under the expected thermal condi-
tions showed that the variation in performance of an individual cube corner under
different thermal conditions is in general less than the variation from one cube corner

to another due to manufacturing differences. Looking at the ras nge contour plos for
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different dihedral angle offsets, wavelengths, and polarizations of the incident
illumination shows that the extreme variations in the range correction within the
annulus are from a high of about 0.2450 m to a low of about 0.2380, which gives peak-
to-peak error limits of about plus 2 or 3 mm to minus 4 or 5 mm. Looking only at
the plots for a mixture of angles whose mean is 1.25 arcsec, the extremes are from
plus 2 or 3 mm to minus 2; or 3 mm. This is probably the best estimate of the range
uncertainty since it should be a reasonable approximation for modeling the actual

array.

The calculation of range corrections for other pulse detection methods at selected
points in the far field shows that half-maximum and peak detection are more stable
over the far field pattern than centroid or half-area detection for short pulses. The
histogram in Figure 7 (Section 8) shows that the return energy is strongly peaked
toward the front of the array. Half-maximum detection with a short pulse effectively
detects the earliest part of the return whose location is well defined. In practice,
strong signals would be required to take advantage of this fact, since the probability
distribution for a single photoelectron is the energy distribution shown in the histogram,

and the mean position of a photoelectron is the centroid.

In summary, the range corrections presented in this report are estimated to be

accurate to 3 mm or better.
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13. INFRARED TRANSFER FUNCTION

The infrared array carried by the Lageos satellite was designed to provide
coverage from any direction of illumination with a minimum of interference between
the reflections from different cube corners. Germanium was chose for the material
because its high index of refraction gives each cube corner a very large viewing angle
so that only a small number of reflectors are required. The material has the dis-
advantage that it becomes opaque at around 100°C, which occurs if the cube corner
faces the sun. An accurate range correction to the center of the satellite requires
knowing the orientation of the satellite. In principle, the orientation can be deter-

mined from the infrared data.

The four infrared cubé corners are positioned to form an approximate tetrahedron,
One cube is at the north pole and the other three are in the third row below the equator
in holes 1, 11, and 21, The coordinates of each cube are given in Section 3. For a
perfect tetrahedron, the central angle between any pair of vertices is 103;47122. The
central angle between all pairs of infrared cube corners is listed in Table 17. The
cubes are numbered starting with the pole cube as 1 and the cubes in holes 1, 11, and

21 of the third row below the equator as cubes 2, 3, and 4, respectively.

Table 17, Central angles between pairs of infrared cube corners.

Pair Angle (°)
1-2 112,982
1-3 112,982
1-4 112.982
2-3 102. 7586
3-4 102.756
4--2 111.490
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Since the back faces are uncoated, the infrared reflectors depend on total internal
reflection. The minimum incidence angle ¢C at which total internal reflection can be
lost is given by the formula

-1 Y
=gin ~ (n sin ci)e) 5

b

C

where

o = tan™t V¥ - sin”? (1A .

The index of refraction is n = 4, 00 for germanium so that the cutoff angle after

entering the front surface is <,b:3 = 40,258, The angle outside the cube corner is

9, = sin™! (2.5849)
Since the sine of the cutoff angle 4}0 is greater than unity, no loss of total internal

reflection occurs.

The reflectivity of the infrared cube corners is listed in Table 18 and plotted in
Figure 12 as a function of the incidence angle ¢ for 6 = 0, where the angles 6 and ¢ are
defined in Figure 4 (Section 6). Since the front face is circular and no loss of total
internal reflection occurs, the reflectivity is nearly independent of 6. There is a slight
dependence on © due to polarization effects. The reflected energy is largely in the
same polarization state as the input illumination, although some depolarization does
occur as shown in Table 19. Except at normal incidence, the reflection losses at the
front face are a strong function of the input polarization. The return is strongest
when the eleciric vector is paraliel to the plane of incidence and weakest when it is
perpendicular. The signal for circular polarization is at least half as strong as the
return for parallel polarization. The reflectivity listed is the average in the annulus
between 32 and 41 urad from the center of the pattern. This is close to the top of the
central lobe of the diffraction pattern, which is fairly wide at this long wavelength. The
intensity has been normalized to the peak of the Airy diffraction pattern, which is the
pattern for a perfect circular reflector, Reflection losses at the front face, and phase
changes due to total internal reflection, which spread the pattern, together account for

the fact that the intensity is down by about a factor of five from the center of the Airy
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pattern. To convert the reflectivities in the table to gain the values are multiplied by

G106OOO where

A 11,4009 cm2

106000 ~ "2 ) P

G - -
N7 (10.6 X10 © cm)

=1.01468 X10° .

The cross section is ARG where R is the reflectivity from Table 18. At normal

106000
incidence the cross section is 2,55 X 10 mz (in standard units of gain and cross

section we have 41 X 2.55 X 10° m?2 = 3.2 X 104 mz).,

Table 18. The reflectivity in units of A/ N2 for the Lageos infrared cube corners for
input illumination, which is polarized parallel or perpendicular to plane
of incidence or circularly polarized.

PHI PARALLEL PERPENDICULAR CIRCULAR
0 2220740 2220740 02220740
5 «203725 .201985 .202860

10 +186730 180403 - 183602
15 -169991 «157213 163702
20 « 153655 .133528 L 143784
25 «1378¢48 .11035g 0124401
30 21228625 .088528 « 108975
35 21080139 068704 .088851
40 .094131 .051364 .073278
45 - 080858 036751 2059349
50 -068216 2024957 ,047109
55 20%6140 .0ls5g884 036482
60 . 044598 .009303 027342
65 033539 004866 .019503
70 .023071 ,002164 012821
75 013449 . 000763 L007221
80 .005585 .000160 «002917
83 2002277 000040 001176
]85 - 000885 000011 - 0004584
8é 2000450 .00000s 000231
87 <000179 .000001 ,000092
88 2000045 0.000000 000023
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Figure 12. The reflectivity of the Lageos infrared cube corners in units of A/)\z. The
top curve is for input illumination parallel to the plane of incidence, the
bottom curve for perpendicular to the plane of incidence, and the middle
curve for circularly polarized illumination,
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Table 19. The components of the reflected signal from the Lageos infrared cube in
the same polarization state as the incident illumination and the orthogonal
polarization state for some sample cases.

Reflected intensity

Incidence Transmitted Original Orthogonal
angle (°) polarization polarization polarization
0 Circular 0.2207 0.000012
60 Circular 0.0234 0.003925
0 Linear 0.2207 0.000006
60 Linear (E“ ) 0. 0446 0.000012
60 Linear (EJ_) 0.0093 0.000012

The transmission factor of the germanium cube corners decreases rapidly as
the temperature of the material increases. The distance traveled by the ray inside
the material varies from 5.57 to 5.75 cm. In Table 20, the absorption coefficient
per centimeter, and the transmission factor for the cube corner are listed for various

temperatures using a path length of 5.7 cm.

Table 20. Absorptance/cm and transmission factor for the Lageos infrared reflectors.

Temperature Transmission
(°C) Absorptance/cm factor
27 0.027 0.857
40 0,028 ' 0.852
45 0.033 0.829
50 0.045 0.774
60 0.085 0.616
70 0.143 0,443
80 0.241 0.253
90 0.386 0.111
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The transmission factor should be included in the constant 1 when computing
signal strengths using the formula in Section 5. Thermal vacuum tests run on two of the
infrared cube corners gave temperatures of 104,4 and 106.7 °C with full solar illum-
ination. The cube corners would be opaque at this temperature. With the solar illum-
iﬁation reduced by the factor l/Tr, the temperatures fell to 55.5 and 52.8 °C for the two
cubes. This illumination corresponds to an incidence angle of 7124. With no solar
illumination, the temperatures were 1272 and 266, In conclusion, the cube corners

should operate well except when they are facing close to the direction of the sun,

By use of the reflectivity curve for the cube corners, calculations have been done
to determine the probability over all possible viewing angles of obtaining single,
double, and triple reflections. A return is considered double or triple if more than
0.1% of the reflected energy comes from a second or third cube corner. The results
are tabulated for various cutoff intensities of the total signal (Table 21). The cutoff
intensity is relative to the strongest return that can be obtained, which occurs when one
cube corner is normal to the incident illumination. The results are shown for circular
and linear polarization. A range of values is obtained for linear polarization since
the reflectivity depends on the polarization angle. Strong returns are more likely

to be single, and weak returns are more likely to be multiple.

Table 21. Probability over all viewing directions of getting single or multiple reflec-
tions for various cutoff levels of total intensity.

Cutoff Total
intensity probability Single Double Triple
Circular Polarization
0.01 1. 000 0.223 0.632 0.135
0.1 0.980 0.233 0.632 0,115
0.2 0,781 0.233 0.516 0.031
0.5 0.256 0.206 0.050 0.000
Linear Polarization
0.01 1.00-1.00 0.24-0.25 0.62-0.63 0.12-0,13
0.1 0.92-0.96 0,24-0.25 0.57-0.63 0.08-0.10

0.2 0.73-0.76 0.24-0.25 0.46-0.49 0.01-0.04
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If the angle between the incident illumination and the normal to the front face of
the infrared cube corner is known, the range correction from the apparent reflection
point to the center of the satellite can be computed from the formula

C=Rcos ¢-L \/nz—sinzcb

3

where

C = the infrared range correction,

R = the distance from the center of the satellite to the front face of the cube
corner (29.807 cm),

¢ = the incidence angle of the illumination on the cube corner,
L = the length of the cube corner from vertex to face (2.78384 cm),

n = the index of refraction (4. 0).

The first term is the position of the center of the front face of the cube corner along
the line of sight, and the second term is the correction for optical path length in the
cube corner. The range correction as a function of incidence angle is listed in Table
22. The negative values for large incidence angles indicate that the apparent reflec-
tion point is behind the center of the satellite. This effect is due to the optical path

length in the cube corner,

Coherent interference can occur in the infrared reflection from Lageos in two
different ways: The reflections from two or more cube corners can interfere with
each other or multiply retroreflected beams from the sdme cube corner can interfere
with each other. The beat frequency due to the first effect is 2 A(.Z/,X; where \ is the
wavelength and AC is the rate of change of the difference in the range corrections for
the two cube corners. The second effect is due to the fact that some of the radiation
is reflected back info the cube corner each time a beam exits from the front face.

A pulse of radiation therefore produces a train of reflected pulses each of lower inten-
sity than the previous one. Alternate reflections are in the same direction as the
incident beam. The reflections are of significant intensity because of the high index
of refraction of germanium. The optical path length difference between the primary

retroreflected beam and the next beam, which is parallel to the incident beam, is
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Table 22. Infrared range correction vs the angle between the incident illumination and
the normal to the front face of the reflector.

PHI (DEG) RANGE COKRECTION (METERS)

0.0 1867 =
1.0 +1867 #
; 2.0 .1865 *

3.0 +1883 #
4.0 1860 »
s.C 1856 *
6.0 .1as! %
7.0 1845 *
8.0 .1839 »
9.0 .1831 »
10,0 L1823 *

11,0 J181a #

12,0 .1804 *

13,0 .1703 *
14,0 1781 #
15,0 .1768 »
16,0 1754 [
17.0 .1740 *

18.0 .1728 -
g0 » 1708 *®

20,0 .1l651 Y

21,0 1674 *

22.0 .1655 *

23,0 L1636 *

24,0 1615 *

25,0 1594 #

26.0 «1572 "

27.0 <1549 #*

28.0 .1526 #*

29,0 1502 #

30,0 L1477 #*

31,0 L1451 *

32,0 L1424 *

33,0 .1397 *

34,0 J1369 =

35,0 +1340 *

36,0 L1310 »

37.0 .1280 ”

38,0 1249 *

39,0 L1217 ®

40,0 Jllae *

41,0 Jil51 *

42,0 21117 ®

43,0 .10a3 %

44,0 . 1048 *

45.0 1012 *

46,0 .0975 #

47.0 .0938 L

48.0 0900 *

49,0 .0882 ®

50,0 .0823 *

51,0 0783 #

52,0 0743 ®

53.0 0703 *

54,0 0641 3

55.0 0620 *

56,0 «0577 »

57.0 0535 &

58,0 .0491 *

59.0 0448 *®

60,0 .0403 %

61,0 20358 *

62.0 L0313 *

63,0 0268 #*

64,0 .0222 o

65.0 20175 [3

66,0 0128 #

67.0 0081 #*

68,0 0033 *

69.0 -.0015 L]

70,0 -.0063 *

71.0 ~.0112 L}

72.0 ~.0141 *

73.0 -.0210 L]

74.0 -.0259 ®

75.0 -.0309 *

76.0 ~.0359 *®

77.0 -2 0409 *

78.0 «s 0440 *

79.0 ~s0511 *

80,0 -+05462 »

81,0 -a0613 *

82,0 we06K4 L]

83.0 -a0715 %*

84,0 -.07687 #*

85,0 ~.0819 %

86.0 «.0870 #

87.0 -.0922 &«

88,0 ~0974 &

89,0 «.1026

90,0 -.1078 #
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in L _ 4n2 L
;o 3
cos ¢ nZ - sin? ¢

where

n = the index of refraction (4.0),
L = the length of the cube corner (2.78384 cm),
¢ = the incidence angle on the cube corner,

¢’ = the angle of the beam after refraction at the front face.

As the angle of incidence on the cube corner changes, the optical path length between

the two retroreflected beams changes. The beat frequency due to this change is

e
Q—-I [oN
&

2z ° y
< 4n” L > _¢ 4Ln2 sin ¢ cos @
Yn? - sin? ol A (nZ— sin? (1))3/2

The cutoff angle for this interference is 66759 because the active reflecting area for

secondary retroreflection goes to zero at this angle.

In order to use infrared data for deriving satellite positions to an accuracy betler
than 10 cm, it is necessary to know the orientation of the satellite. The orientation
and angular velocity of the satellite affect the return signal in various ways that can,
in principle, be used to infer the orientation as a function of time. If the satellite is
spinning rapidly compared to the orbital frequency, the reflected intensity and meas-
ured range to each cube corner vary periodically, However, if the spin rate is low,
or the change in orientation of the satellite relative to the observer is due only to the
orbital motion, the variations in range and intensity would be difficuit to separate
from the variations due to orbital motion or other factors. The coherent interference
between pairs of cube corners provides a precise measure of the change in distance
to the two cube corners along the line of sight., The coherent interference between the
primary and secondary rsivoreflected signals from one cube corner is a function of the
incidence angle of the illumination on the cube corner. The rate of change of phase
with incidence angle is zerc at normal incidence and reaches a maximum value of
24 cycles/deg at 48° for a wavelength of 106000 A Except at normal incidence, the
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reflected intensity for linearly polarized illumination is a function of the angle of the
polarization vector with respect to the plane of incidence on the cube corner. If the
plane of polarization is rotated, the maximum intensity will occur when the polariza-
tion vector is in the plane of incidence, and the minimum will occur when it is
perpendicular. The ratio of the maximum to the minimum is a function of the angle
of incidence. Aside from an ambiquity of 180° in azimuth, such a measurement indi-
cates the angle between the line of sight and the normal to the cube corner, and the

azimuth of the cube corner about the line of sight.
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